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Abstract— In this paper we develop a novel approach for joint
iterative channel estimation and LDPC decoding, based on the
factor graph representation and sum-product algorithm. The fast
flat fading channel is modeled as an AR process in order to
characterize its temporal variation. By approximating the feed-
back message from channel decoder as a Gaussian pdf, we show
that Kalman smoothing can be employed for channel estimation.
We further derive a new bit metric calculation method which
consider both channel noise and channel estimation variance.
Simulations confirm the effectiveness of our approach.

I. INTRODUCTION

It is well known that for many communication systems
joint channel estimation and decoding is required for optimum
performance. Iterative algorithms for joint channel estimation
and turbo decoding have been studied in [5] and [6]. Both
methods use pilot symbols periodically injected into the coded
data stream. The first method is best suited to high rate PSK
turbo codes; it relies on implicit quantization of the fading
channel phase and obtains probabilities for every quantized
phase using the forward-backward algorithm at every iteration.
The second relies on Wiener filtering of pilots and tentatively
decoded symbols in the subsequent iterations.

Low-density Parity-check (LDPC) codes were introduced
by Gallager in the early 1960’s. In 1981, Tanner [9] showed
how to construct a bipartite graph to represent the parity
check matrix of any code, and recognized that Gallager’s
decoding ideas could be applied to this graph. Factor graphs
are straightforward generalization of the “Tanner graphs”,
which provide the fundamental insight that many well-known
algorithms essentially solve the “MPF” (marginalizes product-
of-functions) problem, each in their own particular setting.
Moreover, the sum-product algorithm can often be applied
successfully in situations where exact solutions to the MPF
problem (as provided by junction tree) become computation-
ally intractable, the most prominent example being the iterative
decoding of turbo codes and LDPC codes.

Unified approach for iterative receiver design using factor
graphs was first proposed in [2]. We adopt the same approach
to design the iterative channel estimation and LDPC decoding
algorithm because it is better connected with previous ap-
proaches and easy to describe. We will show that after the
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receiver graph is drawn, the Kalman smoothing algorithm is
naturally derived. The Kalman-based estimation methods have
been studied by several other researchers, each in its different
setting. [3] uses a Kalman filter to track the time variation of
the MIMO channel for iterative equalization, and [4] employs
Kalman filtering for channel tracking in order to enable space-
time decoding with diversity gains. Here, we use the Kalman
smoothing aided by previous hard or soft decisions about the
transmitted symbols produced by the LDPC decoder to get
refined channel estimation.

Specifically, we consider column regular LDPC codes with
spectral efficiency of 1 bit/sec/Hz, and Gray labeled QPSK
modulation. The rest of the paper is organized as follows: First
we briefly introduce factor graph and the sum-product algo-
rithm. Second, we model the general time-selective channel
as an autoregressive (AR) process. Then we draw the factor
graph of the receiver and develop iterative algorithm applying
the sum-product rule on this graph. We further derive in detail
the key message calculation: iterative channel estimation using
Kalman smoothing and bit metric generation considering both
the channel estimation variance and channel noise. Simulations
confirm the performance of our scheme. Finally, conclusions
are given.

II. FACTOR GRAPH BASICS

Consider a multiplicative factorization of a global function
g(x1, x2, . . . , xn) =

∏

j fj(XQj
) where XQj

are sets of
elements from x1, x2, . . . , xn. The factor graph corresponding
to the factorization consists of a variable node for each variable
xi, a function node for each function fj , and edges connecting
each function node to the variable nodes associated with
its arguments. Thus, the factor graph is a bipartite graph
where edges only connect variable nodes to function nodes.
In drawing factor graphs, we typically use filled square for
function nodes and open circle for variable nodes.

A general method for computing the global function g
consists of applying the sum-product algorithm to the factor
graph. In the sum-product algorithm, adjacent nodes in the
factor graph exchange “messages” in the form of real-valued
functions. The message sent from a node v on an edge e is
the product of the local function at v (or the unit function if
v is a variable node) with all messages received at v on edges
other than e, summarized for the variable associated with e.
Let µx→f (x) denote the message sent from variable node x



to function node f, let µf→x(x) denote the message sent from
function node f to variable node x. Also, let Sv denote the set
of neighbors of a node v in a factor graph, then, the message
computations performed by the sum-product algorithm can be
expressed as follows:
variable to local function:

µx→f (x) =
∏

h∈Sx\f

µh→x(x)

local function to variable:

µf→x(x) =
∑

∼x



f(x)
∏

y∈Sf\x

µy→f (y)





Refer to [1] for an overview of factor graph and the sum-
product algorithm.

III. DESIGN OF ITERATIVE RECEIVERS

A. Channel model

We concentrate on frequency-flat time-selective Rayleigh
fading channel, which is particularly important for wire-
less communication systems. Wireless channel variations are
mainly caused by Doppler effects arising from relative motion
between the transmitter and the receiver. Assuming that the
channel h(n) is zero mean, unit variance complex Gaussian
process, and following Jakes’s isotropic scattering model, we
know that the autocorrelation function of h(n) is

Rh[k] = J0(2πfdTsk),

where fd is relative Doppler spread between transmitter and
receiver; Ts is symbol period; J0(·) is zeroth order Bessel
function of the first kind.

Exact modeling of the time evolution of the channel h(n)
with an autoregressive moving-average (ARMA) model is im-
possible because its autocorrelation functions is non-rational.
Accurate but large-order AR models for the fading channel are
presented in [7]. However, the first few correlation terms are
more important for the design of the receiver. Thus low-order
autoregressive models, even a simple Gauss-Markov model,
matching the Bessel autocorrelation well for small lags, can
capture most of the channel dynamics and lead to effective
tracking algorithms [8]. Based on this, we approximate the
fading channel h(n) with a first-order AR model. Specifically,
h(n) varies according to

h(n) = αh(n− 1) + v(n) (1)

where the noise v(n) is zero-mean complex Gaussian with co-
variances σ2

v/2 per dimension and is statistically independent
of h(n− 1). Using (1), simple manipulations lead to

σ2
v = 1− |α|2 (2)

and
α = E[h(n)h∗(n− 1)] (3)

where E[·] stand for expectation. The AR coefficient α is
related to fd via

α = J0(2πfdTs). (4)
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Having specified the channel model (1), we proceed to design
our iterative receiver on factor graph.

B. Factor graph representation of receiver

Consider a typical communication system where the mes-
sage to be transmitted u ∈ {0, 1}K is systematically encoded
to produce the transmitted codeword b ∈ C ⊂ {0, 1}N , then
passed through a mapper that maps the bits to a sequence of
symbols x = q(b) chosen from a M-ary constellation X . The
received transmitted codeword y, corrupted by the channel,
is then processed by the receiver to produce an estimate of
the transmitted message û. The channel can be modeled as an
unknown channel state h that evolves randomly with time. We
denote the system by y = hx + n, where n is white Gaussian
noise with variance σ2

n.
The optimal receiver for this model, with respect to bit error

probability is

ûi = argmax
ui

p(ui|y)

= argmax
ξ

∑

u:ui=ξ

∑

h
p(u, h|y) (5)

Because of the systematic encoding assumption, the ui vari-
ables are equal to a subset of the bi’s as well. Supposing that
b is equally likely a priori and applying Bayes’s rule, we have

b̂i = arg max
ξ

∑

b:bi=ξ

∑

x

∑

h
p(y|x, h)p(h)

I{b ∈ C}I{x = q(b)} (6)

The indicator function I{statement} is 1 if the statement
is true and 0 otherwise. To estimate channel information, we
insert L known pilot symbols at regular intervals within the
symbol sequence x, in which xc are the LDPC coded symbols
and xp = 1 represent the pilots. The block diagram of the
discrete-time transmitter model is shown in Fig. 1 , and Fig.
2 shows the basic receiver structure. The factor graph of
the iterative receiver is shown in Fig.3, corresponding to the
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Fig. 3. Factor graphs for iterative receiver with Rayleigh fading channel

factorization

p(y|h, x)p(h)I{b ∈ C}I{x = q(b)} =

I{b ∈ C} · I{xp = 1} · I{xc = q(b)} ·
N−1
∏

i=0

p(yi|xi, hi)

p(h0)

N
∏

k=1

p(hk|hk−1) (7)

where C
4
= I{b ∈ C} denotes the codeword constraint; P

4
=

I{xp = 1} is pilot constraint; Ui
4
= I{xc = q(b)} means

a valid mapping, Ti
4
= p(yi|xi, hi); Πk

4
= p(hk|hk−1). The

shaded nodes represent our observation.

C. Detailed message passing

In this subsection, we derive in detail some key message
calculations: messages passing among channel state variables
h, messages passing between h and transmitted symbols x;
and messages passing between x and bit metrics b.

1) Kalman smoothing: Since the channel state is a
continuous-valued random variable, the messages for edges
adjacent to the channel state nodes are probability density
functions (pdf). The message from xk to Tk can be expressed
as

µxk→Tk
∝ P (xk|y) =

M
∑

l=1

plδ(xk − x̂l) (8)

where x̂l are the M possible symbols in the 2m-ary constella-
tion X , and coefficients pl are the corresponding conditional
probability passed from xk. To compute pl, we first consider
the probability that each bit in the kth symbol equals to 1 or
0 as

P (bi
k = 1) =

eLLR(bi
k)

1 + eLLR(bi
k
)

P (bi
k = 0) =

1

1 + eLLR(bi
k
)

where LLR(bi) is the posteriori log-likelihood ratio from the
LDPC decoder. So

pl =

m
∏

i=0

P (bi
k|y).

Following the sum-product rule,

µTk→hk
=

M
∑

l=1

plP (yk|xk = x̂l, hk) (9)

is a mixture Gaussian distribution. Although the channel model
is a well-studied Hidden Markov Model (HMM), there is
no algorithm which is both fast and exact to compute the
conditional probability P (h|y) due to the mixture observation.
Thus some simplifications are needed. One possible approxi-
mation is to discretilize the channel state node hk, so that the
standard forward-backward recursion algorithm for discrete
valued HMM can be adopted to get the conditional probability,
corresponding to Komninakis and Wesel’s work [5]. However
even for the relative low order modulation, e.g., QPSK, the
required quantization level of the channel, which corresponds
to the possible state numbers for each node in the HMM, is
still too large and leads to prohibitive computation complexity.
Instead of quantizing the channel, we propose to use the
Gaussian pdf as the approximation for the message.

µTk→hk
=

1√
2πσw

exp{− (yk − hkĉk)2

2σ2
w

} (10)

where ĉk and σw are the mean and the variance respectively.
Several possible ways for choosing the mean and variance
corresponds to different feed back techniques used in [10].
Specifically, for soft decision feedback,

ĉk =

4
∑

l=1

P (xk = x̂l)x̂l (11)

for hard decision feedback,

ĉk = arg max
x̂l

P (xk = x̂l) (12)

As for the variance, we prefer to choose σ2
w = 4σ2

n, which are
shown to be robust against feedback errors in our simulations.
After approximating the in-going message as a Gaussian pdf,
the channel model is nothing but a state space model

hk = αhk−1 + N(0, σ2
v)

yk = hkxk + N(0, σ2
w) (13)

where N(0, σ2) denote a Gaussian variable with zero mean
and variance σ2. Since all the variables are jointly Gaussian,
only the means and covariances need to be computed during
the message update. The general message passing on this
graph, i.e. forward-backward recursion algorithm, readily leads
to the famous Kalman smoothing (also called RTS smoothing
algorithm):
Forward recursion

ĥk+1|k+1 = αĥk|k + Pk+1|k(c2Pk+1|kσ2
v)−1

(yk+1 − cĥk|k+1)

Pk+1|k+1 = Pk+1|k − Pk+1|k(c2Pk+1|kσ2
v)−1cPk+1|k

Pk+1|k = α2Pk|k + σ2
v (14)



Backward recursion

ĥk|K = ĥk|k + Lk(hk+1|K − ĥk+1|k)

Pk|K = Pk|k + Lk(Pk+1|K − Pk+1|k)Lk (15)

Lk
4
= αPk|kP−1

k|k+1,

where ĥk|k is the conditional mean of hk given the observation
y1,...,k, ĥk|K is the conditional mean of hk given all the
observation y. Similarly, Pk|k is the conditional variance of hk

given y1,...,k, and Pk|K is the conditional variance of hk given
all observation y. The recursion is initialized with ĥ0|−1 = 0
and P0|−1 = σ2

v .
2) Decoding Metric Calculation: For brevity of notation,

we use N(x; m, σ2) to represent the Gaussian pdf with respect
to x with mean m and variance σ2. Then

µhk→Tk
= N(hk; ĥk|K , Pk|K) (16)

Following the sum-product algorithm,

µTk→xk
=

∫

µhk→Tk
Tkdhk

=

∫

N(hk; ĥk|K , Pk|K)N(yk; xkhk, σ2
n)dhk

(17)

By completing the square in the exponent, we get

µTk→xk
∝ N(yk; ĥk|Kxk , P 2

k|K |xk|2 + σ2
n) (18)

From (18) we can see that the message outgoing from function
node Tk to xk is still a Gaussian pdf. Therefore, the decoding
metric can be measured by the Euclidean distance between
the received noisy observation yk and ĥk|Kxk. Instead of
being weighted by the channel noise variance σ2

n, the decoding
metric should be weighted by the total variance (P 2

k|K |xk|2 +

σ2
n). Intuitively this means the larger the variance of channel

estimation, i.e., the estimated channel is less reliable, the less
weight the decoding metric will have in the decoding process.
Note this result is also independently developed in [11] by
Wang et. al.

The bit metric, usually in the form of Log-Likelihood
Ratio(LLR), is calculated by

LLR(bj
k) = ln

P (bj
k = 1|y)

P (bj
k = 0|y)

= ln
µ

Uk→b
j

k

(bj
k = 1)

µ
Uk→b

j

k

(bj
k = 0)

= ln

∑

bi
k
,xk

µxk→Uk
µbi

k
→Uk

I{bj
k = 1, bi

k, xk}
∑

bi
k
,xk

µxk→Uk
µbi

k
→Uk

I{bj
k = 0, bi

k, xk}
(19)

Let P (bi
k) = µbi

k
→Uk

denotes the message passed from the

decoder, the χj
b be the subset of symbols with bj = b. Also

Note

µxk→Uk
= µTk→xk

∝ exp(− (yk − ĥkxk)2

2σ′2n
) (20)

where σ′2n = (P 2
k|K |xk|2 + σ2

n). Then the LLR of bj
k can be

written as

LLR(bj
k) =

∑

xk∈χ
j

1
exp(− (yk−ĥkxk)2

2σ02
n

)
∏

i=1,i6=j P (bi
k)

∑

xk∈χ
j

0
exp(− (yk−ĥkxk)2

2σ02
n

)
∏

i=1,i6=j P (bi
k)

(21)
3) Message passing schedule: We summarize the message

passing schedule as follows
Step 1 Initialize: The message from coded symbols to chan-

nel estimator µxk→Tk
is set to 0 for xk ∈ xC . Pilots

provide the initial CSI estimation ĥk through one
pass of Kalman smoothing. The message from the
LDPC decoder to the bit metric generator is set to a
uniform distribution.

Step 2 Decoding metric generator: The input is message
µhk→Tk

, observation µyk→Tk
, the output is the in-

trinsic log likelihood ratio for the LDPC decoder
LLR(bj

k) from (21).
Step 3 LDPC decoder: The input is the message from the

metric generator to bit node; The message passes
from the bit node to check node and back to bit
node, finishing several passes of LDPC decoding.
The output is the extrinsic information of the bit node
for the next pass of channel estimator.

Step 4 Iterative channel estimator: Input message is
µxk→Tk

= µb0
k
→Uk

· µb1
k
→Uk

, output message is
µhk→Tk

calculated by Kalman smoothing (14)(15).
Step 5 Repeat until done: If the stopping criterion has not

been reached, repeat steps 2,3,4. Otherwise, out-
put the hard decision of the posterior information
P (bk|y).

IV. SIMULATION RESULTS

A simulation study is conducted to investigate the coded
performance of the receiver structure and the channel esti-
mation techniques discussed above. The LDPC code under
consideration is column regular with column weight 4 and
block size 4896 at code rate 1/2. Unless indicated otherwise,
each LDPC decoding pass is set to 6, and maximum 3 times
of joint channel estimation and decoding are performed. We
limit our attention to QPSK constellation with Gray labeling.
Slow fading is assumed, and two normalized fade rates are
considered: fdTs = 0.02 and fdTs = 0.005 as chosen in [6].
The pilot symbol spacing K = 9 is used for the faster fading
case, and K = 13 is chosen for the slower fading case.

As we already know, the iterative decoding performs better
with an increasing number of decoding iterations. However
due to using estimated channel CSI, the performance improve-
ment is very limited when the iteration pass increases from 6
to 18 as shown in Fig.4. In contrast, joint iterative channel
estimation provide more accurate CSI, therefore significantly
improves the performance.

Fig. 5 and Fig. 6 compare the BER performance of different
decoding schemes for the normalized fade rates of fdTs =
0.005 and fdTs = 0.02. In each figure, we compare the
performance using the ideal channel state information (perfect
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CSI), the performance using joint iterative channel estimation
and decoding (both hard and soft), and the performance using
pilot symbols only (PSAM) with 18 decoding passes. The
performance of ideal CSI gets better with a faster fading rate
because of the increasing time diversity. But the faster the
channel fade, the more difficult it is to estimate the channel.
For both fading rates, joint iterative channel estimation and
decoding improves the performance by more than 2.0 dB over
using PSAM only. It should be noted that unlike the results
in [6], little difference is observed between the soft and hard
decision feedback. Furthermore, it is straightforward to extend
the message passing algorithm to higher order AR model,
which will further improve the system performance at the
expense of higher computational complexity.

V. CONCLUSIONS

We develop a novel scheme for joint iterative channel
estimation and LDPC decoding using factor graph. The main
contributions of our work are: First, the iterative receiver
is designed based on factor graph, and the iterative scheme
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Fig. 6. BER for normalized Doppler spread fdTs = 0.02

is clearly drawn by sum-product rule. Second, by modeling
time-selective channels as AR processes, and approximating
feedback messages from the LDPC decoder as Gaussian
pdf, Kalman smoothing is employed to obtain the channel
estimation. Third, we derive a new bit metric generator, which
considers both channel estimation variance and channel noise
variance. Simulations confirm the effectiveness of our scheme.
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