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Abstract—
This paper comparesthe performanceof two schemesfor joint

channel estimation and LDPC decoding in �at Rayleigh fading
derived fr om the receiver factor graph. The �rst method uses
the �rst-order AR channel model approximation, and Kalman
smoothing is applied to get CSI. Instead of computing the exact
marginal function, the secondoneusesthe low-pass�ltering to do
the channel estimation. Intensive simulation studiesare carried
out and results show that when channel statistical information
is not available at the receiver, ideal low pass�ltering approach
givesthe better, more robust and simpler solution, and is only 0.5
dB worse than the optimum Wiener �ltering . All methodshave
about 2 dB impr ovementover the PSAM system.

I. INTRODUCTION

The iterative exchange of soft information between constitute de-
coders (“turbo principle”) in turbo codes has inspired iterative chan-
nel estimation schemes [1, 2, 3]. All methods use pilot symbols peri-
odically injected into the coded data stream. The system in [1] is best
suited to high rate PSK turbo codes, which relies on implicit quanti-
zation of the fading channel phase and obtains probabilities for every
quantized phase using the forward-backward algorithm at every iter-
ation. The methods used in [2] and [3] rely on filtering of pilots and
of tentatively decoded symbols in the subsequent iterations.

Low-density Parity-check (LDPC) codes were introduced by Gal-
lager in the early 1960’s. In 1981, Tanner [4] showed how to con-
struct a bipartite graph to represent the parity check matrix of any
code, and recognized that Gallager’s decoding ideas could be applied
to this graph. Factor graphs are straightforward generalization of the
“Tanner graphs”, which provide the fundamental insight that many
well-known algorithms essentially solve the “MPF” (marginalizes
product-of-functions) problem, each in their own particular setting.
Moreover, the sum-product algorithm can often be applied success-
fully in situations where exact solutions to the MPF problem (as pro-
vided by junction tree) become computationally intractable, the most
prominent example being the iterative decoding of turbo codes and
LDPC codes.

Unified approach for iterative receiver design using factor graphs
was first proposed in [5]. We adopt the same approach to design the
iterative channel estimation and LDPC decoding algorithms because
it is better connected with previous approaches and easy to describe.
We will show that with different simplifications, different iterative
channel estimation algorithms can be easily derived.

Specifically, we consider LDPC codes with spectral efficiency of
1 bit/sec/Hz, Gray labeled QPSK modulation and column regular
LDPC codes. The organization of the paper is as follows: First we

1This research was supported by National Science Foundation under Grant
ITR-0086032 and Grant CCR-0073391.

briefly introduce factor graph and the sum-product algorithm. Sec-
ond, we describe the Rayleigh fading channel and the first order
autoregressive (AR) process approximation. Then we draw the re-
ceiver’s factor graphs and develop the iterative approaches applying
the sum-product rule on this graph. The key message, channel es-
timation information is described in detail. The first method using
Kalman smoothing is derived by choosing the first-order AR model
to simplify the channel. The second method using low-pass filter is
derived by treating the channel nodes as a super clique. Simulations
are conducted to compare the performance of those two methods with
finite block size. Finally conclusions are given.

II. FACTOR GRAPH BASICS

Consider a multiplicative factorization of a global function�������
	����
	��
����	�������������� � ����� �!� where �"� � are sets of elements
from � � 	�� � 	��
�#��	�� � . The factor graph corresponding to the factor-
ization consists of a variable node for each variable ��$ , a function
node for each function � � , and edges connecting each function node
to the variable nodes associated with its arguments. Thus, the factor
graph is a bipartite graph where edges only connect variable nodes
to function nodes. In drawing factor graphs, we typically use filled
square for function nodes and open circle for variable nodes.

A general method for computing the global function � consists
of applying the sum-product algorithm to the factor graph. In the
sum-product algorithm, adjacent nodes in the factor graph exchange
“messages” in the form of real-valued functions. The message sent
from a node % on an edge & is the product of the local function at % (or
the unit function if % is a variable node) with all messages received at% on edges other than & , summarized for the variable associated with& . Let ')(+*-, ����� denote the message sent from variable node x to
function node f, let ' ,+*.( ����� denote the message sent from function
node f to variable node x. Also, let /10 denote the set of neighbors of
a node % in a factor graph, then the message computations performed
by sum-product algorithm can be expressed as follows.
Variable to local function:')(+*2, �����3� 457678:9!; , ' 5 *.( �����
Local function to variable:

'�,+*.( �������=< > (
?@ ������� 4A 678CB+; ( ' A *-, ��DE�GFH

Refer to [6] for an overview of factor graphs and the sum-product
algorithm.

III. CHANNEL MODEL

The transmitted sequence � I passes through a discrete time fre-
quency non-selective Rayleigh fading channel with additive white



noise. The received discrete-time baseband signal can be written asDCI��KJLI
��INM�O)I , where J�I is the Rayleigh distributed fading coeffi-
cient with P �QJ �I ���SR and O I is a complex white Gaussian noise sam-
ple with variance T-U+V!W per dimension. Assuming that the real and
imaginary parts of J I are independent, following Jakes’s isotropic
scattering model, the autocorrelation function of J�I isX 5EY Z\[ �=] U � W+^ �#_
` a Z �
where �#_ is relative Doppler spread between transmitter and receiver;` a is symbol period; ] U �cb � is zeroth order Bessel function of the first
kind.

Exact modeling of the time evolution of the channel J I with an au-
toregressive moving-average (ARMA) model is impossible because
the autocorrelation functions are non-rational. Accurate but large-
order AR models for the fading channel are presented in [7]. How-
ever, the first few correlation terms are more important for the design
of the receiver. Thus low-order autoregressive models, even a sim-
ple Gauss-Markov model, matching the Bessel autocorrelation well
for small lags, can capture most of the channel dynamics and lead to
effective tracking algorithms [8] [9]. Based on this, we approximate
the fading channel J I with a first-order AR model. Specifically, J I
varies according to J I �ed3J I+f�� M % I (1)

where the noise % I is zero-mean complex Gaussian with covariancesg �0 V7W per dimension and is statistically independent of J I
f�� . Assume
that J I is zero mean, unit variance complex Gaussian. Using (1),
simple manipulations lead tog �0 �SRihkj dlj � (2)

and d�� P Y J�I
J�mI
f)� [ �=] U � W+^ � _ ` a�� (3)

where P Y b [ stands for expectation.
It should be noted that in the simulation, the channel is generated

by Jakes’ simulator, and therefore, slightly channel mismatch exists
between the first order AR model and Jakes’s model. However, it is
straightforward to extend the receiver algorithms to higher order AR
channel model and apply message passing algorithm on the corre-
sponding factor graph.

IV. DESIGN OF ITERATIVE RECEIVER

IV-A. Factor graph representation of general iterative receiver

Consider a typical communication system where the message to
be transmitted u n �
o 	#R �!p is systematically encoded to produce the
transmitted codeword b nrqts �
o 	#R �!u , then passed through a map-
per that maps the bits to a sequence of symbols x �wv�� b � chosen
from a M-ary constellation x . The received transmitted codeword y,
corrupted by the channel, is then processed by the receiver to produce
an estimate of the transmitted message yu. The channel can be mod-
eled as an unknown channel state h that evolves randomly with time.
We denote the system by y � hx M n, where n is the white Gaussian
noise.

The optimal receiver for this model, with respect to bit error prob-
ability is yz�${� |+}�~���|+��
��� ��zL$�j �1�� |+}�~���|+�� <

u � �
��� � < h � � u 	 h j y � (4)
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Fig. 2: Receiver structure

Because of the systematic encoding assumption, the z $ variables are
equal to a subset of the � $ ’s as well. Supposing that b is equally likely
a priori and applying Bayes’s rule, we findy� $ � |+}�~���|+�� <

b � � � � � < x <
h
� � y j x 	 h � � � h �� �

b n�q�� � � x �ev�� b � � (5)

The indicator function
� �!�
�c�C� &+�r& O � � is 1 if the statement is true and

0 otherwise.
To estimate channel information, we insert � known pilot symbols

at regular intervals within the symbol sequence x, in which x � are the
LDPC coded symbols and x� ��R represent the pilots. The block
diagram of the discrete-time transmitter model is shown in Fig.1, and
Fig.2 shows the basic receiver structure. Eqn(5) can be further fac-
tored into � � y j h 	 x � � � h � � � b nrq�� � � x ��v�� b � � �� �

b n�q�� b � � x� ��R � b � � x � �ev�� b � �b u f��4 $ � U � ��D $ j � $ 	�J $ � � � h � (6)

where ���� � �
b n�q�� denotes the codeword constraint; � ��� �

x� �wR � is pilot constraint; ¡ $ �� � �
x � �¢v�� b � � means a valid

mapping, ` $ �� � ��D $ j � $ 	�J $ � , The shaded nodes represent our obser-
vations.
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Since the channel is correlated, the computation complexity is
formidable for optimal receiver design. Two suboptimal approaches
are studied and compared. By introducing the structured AR channel
model, i.e. � � h �N� � �QJ U � � uI � � � �QJ I j J I
f�� � , the channel estimation
can be done by forward-backward message passing on graph, analo-
gous to the quantized method in [1] for turbo codes. The factor graph

of the first approach is shown in fig. 3, where £ I �� � �QJ I j J I
f�� � . The
second one treats the correlated channel as a super clique as shown
in fig. 4. Instead of computing the MPF, we use low pass filtering
to get the channel estimation, leading to the algorithm in [2]. Both
algorithms are explained in detail below, and issues such as messages
passing among channel state variables h, messages passing between
h and transmitted symbols x, and messages passing between x and
bit metrics b are discussed. The massage passing schedule is finally
given.

IV-B. Filtering approach
This section describes iterative joint channel estimation and LDPC

decoding, based on filtering (optimal Wiener filtering and robust low-
pass filtering) of the received symbols (only pilots at the first iteration,
coded symbols and pilots alike in subsequent iterations). In the first
iteration, when no knowledge about the transmitted symbols other
than the pilots is available, the channel estimator is a pilot-only filter
[3]. The soft-in soft-out LDPC decoder computes the a posteriori log-
likelihood ratio �N� X � � $ � of each bit. Therefore, the probability that
each bit in the Z�¤ 5 symbol equals to 1 or 0 is

� � � $ I �SR+�N� &
¥�¥�¦�§ � � ¨
©RªM &
¥�¥�¦�§ � � ¨ ©� � � $ I � o �N� RRªM & ¥�¥�¦�§ � � ¨ ©
and we get the message ' ( ¨ *.« ¨ as

' ( ¨ *2« ¨-¬ � ��� I j y �N�{­< ® � � � ®°¯ ��� I h y� ® �
where ��I is the QPSK symbol corresponding to bits � $ I 	�±²� o 	�R
and � ® � � �$ � U � � � $ I j �3� is the corresponding conditional probability
passed from � I .

As the channel J I are continuous-valued variables, the messages
for edges adjacent to the channel state nodes are arbitrary probability
density functions (pdfs). Although the exact starting densities may be
easily described, after several updates the parameter set usually be-
comes impractical to manipulate because no summarization has oc-
curred. Thus, some simplifications are needed.

Towards this end, the message '�« ¨ * 5 ¨ is approximated using an
impulse at the soft or hard decision of the transmitted symbols � I .')« ¨ * 5 ¨ � ¯ ��� I h y� I � (7)

For soft decision y� I �´³< ® � � � ��� I �ev ® �Gv ® (8)

For hard decision y� I �µ��|
�® � ��¶ · · · ¶ ³ � ��� I �ev ® � (9)

Since for filtering approach, the correlated channel is treated as
a super clique. It is impractical to calculate the exact conditional
pdf of channel state on the graph. Once again, we approximate the
outgoing message from h to the transmitted symbols x as an impulse.
Thus, only estimated channel state information is needed.yJ�I¸�e¹C�Qº)�G� (10)

where f � Z � can either the optimal Weiner filter when the channel sta-
tistical information is available at the receiver [10], or the ideal low-
pass filter with the cut off rate of �+_+` a for robust channel estimation.

The bit metric, usually in the form of Log-Likelihood Ratio
(LLR), is the message from the symbol nodes � I to the bit nodes� I '�( ¨ * � ¨ � �N� X � � � I �� »½¼ � � � � I �SR:j y �� � � � I � o j y �� »½¼ '�¾ ¨ * � � ¨ � � � I �SR+�' ¾ ¨ * � � ¨ � � � I � o �

� »½¼r¿ � � ¨ ¶ ( ¨ ' ( ¨ * ¾ ¨ ' � � ¨ * ¾ ¨ � � � � I �ÀR!	 � $ I 	�� I �¿ � � ¨ ¶ ( ¨ ' ( ¨ * ¾ ¨ ' � � ¨ * ¾ ¨ � � � � I � o 	 � $ I 	���I �
(11)

IV-C. Kalman smoothing approach
As shown in the factor graph, the main difference between the

filter approach and the kalman smoothing approach is the channel
estimation. As we model the Rayleigh fading channel as the first
order AR model, a well-studied Hidden Markov Model(HMM), the
forward-backward algorithm can be used to get the CSI. Since the
channel state is a continuous-valued random variable, the messages
form edges adjacent to the channel state nodes can be approximated
as Gaussian probability density functions (pdf). Following the same
notation as above, the message ' ( ¨ *.« ¨ from � I to ` I is a mixture
Gaussian distribution. Since there is no algorithm which is both fast
and exact to compute the conditional probability � � h j y � due to the
mixture observation, the same hard or soft decision about the received
symbols are made, therefore, the Gaussian pdf as the approximation
for the message.' « ¨ * 5 ¨ � RÁ W
^ g�Â�Ã ��Ä � h ��D I hÅJ I y� I � �W g �Â � (12)

where y� I and g Â are the mean and the variance respectively. We
also approximate y� I using the soft and hard decision as discussed
above. After approximating the in-going message as a Gaussian pdf,
the channel model is nothing but a state space modelJ�IÆ� d3J�I
f)��M T � o 	 g �0 �D I � J I � I M T � o 	 g �Â � (13)



Since all the variables are jointly Gaussian, only the means and co-
variances need to be computed during message update. The general
message passing on this graph, i.e. forward-backward recursion al-
gorithm, readily leads to the famous Kalman smoothing (also called
RTS smoothing algorithm):
Forward recursionyJ I
Ç3��È I
Ç3� � d yJ I!È I M � I�Ç1��È I ��É � � I�Ç1��È I g �0 � f����D:I�Ç3��h�É yJ I
È I�Ç1� �� I
Ç3��È I
Ç3� � � I
Ç3��È I h � I�Ç1��È I ��É � � I
Ç3��È I g �0 � f)� É � I�Ç3��È I� I�Ç1��È I � d � � I!È I M g �0 (14)

Backward recursionyJ I!È p � yJ I
È I M � I �QJ I�Ç3��È p h yJ I�Ç1��È I �� I!È p � � I
È I M � I � � I�Ç3��È p h � I�Ç1��È I � � I (15)� I ��ed � I
È I � f)�I
È I�Ç1� 	
where yJ I!È I is the conditional mean of J�I given the observationD ��¶ · · · ¶ I , yJ I!È p is the conditional mean of J I given all the observa-
tion y, similarly, � I!È I is the conditional variance of J�I given D���¶ · · · ¶ I ,
and � I!È p is the conditional variance of J I given all observation y.
The recursion is initialized with yJ U È f�� � o

and � U È f)� � g �0 .
The decoding metric calculation is the same as (11), except in-

stead weighting it by the channel noise variance g �� , the decoding
metric should be weighted by the total variance � � �I!È p j � I j � M g �� � .
Intuitively this means the larger the variance of channel estimation,
i.e., the estimated channel is less reliable, the less weight the decod-
ing metric will have in the decoding process. Note this result is used
in [13] by Wang et. al with different methods to get the channel esti-
mation variance.

IV-D. Massage passing schedule

We summarize the massage passing schedule as follows:

Step1 Initialization: The message from coded symbols to channel
estimator ' ( ¨ *2« ¨ � o 	�� I n ��Ê . Pilots provide the initial
CSI estimation yJ I by doing one pass of Kalman smoothing or
low-pass filtering. The message from the LDPC decoder to bit
metric generator is set to a uniform distribution.

Step2 Decoding metric generator: The input are massages ' 5 ¨ *.« ¨ ,
observation ' A ¨ *.« ¨ , output is the intrinsic log likelihood ratio
for the LDPC decoder �N� X � � � I � from (11).

Step3 LDPC decoder: The input is the messages from the metric
generator to bit nodes; messages pass from bit nodes to check
nodes and back to bit nodes, finishing several passes of LDPC
decoding. The output is the extrinsic information of the bit
nodes, which is also the input of the channel estimator for the
next iteration pass.

Step4 Iterative channel estimator: Input messages are ' ( ¨ *2« ¨ , out-
put messages are ' 5 ¨ *2« ¨ , calculated by either low-pass filter-
ing (10) or Kalman smoothing (14)(15).

Step5 Repeat until done: If the stopping criterion has not been
reached, repeat steps 2,3,4. Otherwise, output the hard de-
cision of the posterior information � � � I�j y � .

V. SIMULATION RESULTS

A simulation study is conducted to investigate the coded perfor-
mance of the receiver structure and the channel estimation techniques
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statistical information at the receiver

discussed above. The LDPC code under consideration is column reg-
ular with column weight 4 and block size 4896 at code rate 1/2. Un-
less indicated otherwise, each LDPC decoding pass is set to 6, and
maximum 3 times of joint channel estimation and decoding are per-
formed. We limit our attention to QPSK constellation with Gray la-
beling. Slow fading is assumed, and two normalized fade rates are
considered: � _ ` aÑ� o � o W and � _ ` aÑ� o � o7o:Ò as chosen in [2]. The
pilot symbol spacing Ó �ÕÔ is used for the faster fading case, andÓ �SR#Ö is chosen for the slower fading case.

As we already know, the iterative decoding performs better with
an increasing number of decoding iterations. However, due to using
estimated CSI, the performance improvement is very limited when
the iteration pass increases from 6 to 18 as shown in Fig.5 . Joint
iterative channel estimation can obtain more accurate CSI, therefore
significantly improves the performance.

When the only channel statistical information available at the re-
ceiver is the normalized Doppler, robust channel estimation is re-
quired. Fig.6 and Fig.7 show the simulated BER performance of the
“Kalman approach” and the “ideal low pass filter approach”, both of
them only require the Doppler spread at the receiver design. In each
figure, we compare the performance using the ideal channel state in-
formation (perfect CSI), the performance using joint iterative channel
estimation and decoding (both hard and soft), and the performance
using pilot symbols without iterative channel estimation (PSAM). It
is clear that soft feedback works much better than the hard feedback



6 7 8 9 10 11 12
10

−7

10
−6

10
−5

10
−4

10
−3

10
-2

10
-1

10
0

SNR (dB)

P
b

Kalman nojoint     
Upsample nojoint   
kalman joint hard  
kalman joint soft  
upsample joint hard
upsample joint soft
perfect CSI        

Fig. 7: BER for normalized Doppler spread Ë _+Ì a�Í×Î7Ï Î#Î#Ø without channel

statistical information at the receiver

4 5 6 7 8 9 10 11
10

−6

10
−5

10
−4

10
−3

10
-2

10
-1

10
0

SNR (dB)

P
b

Upsample nojoint   
upsample joint hard
upsample joint soft
weiner joint hard  
weiner joint soft  
perfect CSI        
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for the filter approach, however little improvement is observed for
the kalman filter approach. With the same number of decoding pass
( ÙÛÚ Ör�ÜR#Ý ), both approaches have about 2 dB improvement over
the no joint estimation and decoding case.

Fig.8 and fig.9 show the performance gap between the robust low
pass filtering and the optimal Wiener filtering. Like ideal low pass fil-
ter case, soft feedback is about 1 dB better than hard feedback using
Wiener filter. Wiener filtering has about 0.5 dB improvement over the
ideal low pass filtering for both soft and hard feedback. Of course,
the advantages of Wiener filtering will diminish when the design mis-
match exists for the channel statistics.

We also observe that for both Doppler rates, the low-pass filter-
ing with soft decision feedback approach provides better performance
with less computation complexity, at the same time is robust against
design mismatch. The performance degradation of Kalman smooth-
ing approach is caused by the approximation of first order AR channel
model. Better performance with higher order AR model is expected
at the expense of greater computation complexity.

VI. CONCLUSIONS

This paper discussed the problem of joint channel estimation and
LDPC decoding using factor graphs and the sum product algorithm.
The channel considered here is the frequency-flat, time-correlated
Rayleigh fading channel. We first show the general receiver graph
based on the factorization of the optimal receiver function. With dif-
ferent simplifications on graph, two previously studied methods for
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Fig. 9: Performance comparison of ideal low-pass filter and Wiener filter for

normalized Doppler spread Ë _ Ì a Í×Î7Ï Î#Î#Ø
joint channel estimation and decoding are readily obtained. The first
uses the first order AR channel model to simplify the factor graph
and Kalman filtering approach is derived [12]. The second one relies
on filtering to get the channel estimation instead of computing the
exact marginal function [11]. Simulation results show that the ideal
low pass filtering approach gives the better, more robust and simpler
solution for the iterative receiver design.
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