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Joint Channel and Carrier Offset
Estimation in CDMA Communications

Kemin Li, Student Member, IEEE, and Hui Liu, Member, IEEE

Abstract—This paper addresses the problem of CDMA mul-
tiuser detection in the presence of unknown multipath channels
and residual carriers. An analytic algorithm that provides closed-
form channel and carrier offset estimates is proposed. The algo-
rithm first converts the multiuser estimation problem into single-
user problems and then analytically solves the resulting nonlinear
multivariate optimization problems using a polynomial matrix
projection property. The performance of the proposed algorithm
is investigated through first-order perturbation analysis. We also
calculate the Cramér–Rao bound (CRB) to illustrate the efficiency
of the new algorithm. The analyzes are supported by computer
simulations.

Index Terms—Blind identification, CDMA, channel equaliza-
tion and carrier synchronization.

I. INTRODUCTION

T HE PROBLEM considered in this paper is that of sig-
nal recovery in code division multiple access (CDMA)

communications with unknown multipath channels and carrier
offsets. It is well known that in direct-sequence CDMA,
multiuser detection can be performed to decouple the received
signals using knowledge of users’ signature waveforms [1],
[2]. In practice, however, the source separation problem is
complicated by the fact that users’ signature waveforms may
be distorted by unknown channel effects and carrier offsets.
The everchanging multipath channels and the inevitable resid-
ual carriers1 present great technical challenges in high speed
CDMA communications.

Blind techniques have been proposed to estimate the mul-
tipath channels and carrier offsets at the receiver. When
used properly in wireless communications, they can provide
significant improvement in system capacity and robustness
against environmental variations. Although without a pilot
signal both the multipath channels and the carrier offsets must
be estimated, carrier synchronization and channel identification
have traditionally been treated as separate problems. The later
has been well studied in the context ofblind equalization(e.g.,

Manuscript received October 6, 1997; revised Decmber 4, 1998. This paper
was presented in part at the Asilomar Conference on Signals, Systems, and
Computers, 1997. This work was supported in part by the Air Force Office of
Scientific Research (AFOSR) under Grant F49620-97-1-0318 and the National
Science Foundation (NSF) CAREER program under Grant MIP-9703074. The
associate editor coordinating the review of this paper and approving it for
publication was Prof. Pierre Comon.

K. Li is with the Department of Electrical Engineering, University of
Virginia, Charlottesville, VA 22093 USA.

H. Liu is with the Department of Electrical Engineering, University of
Washington, Seattle, WA 98195 USA.

Publisher Item Identifier S 1053-587X(99)04673-5.
1When multiple signals are present, their carriers will differ, in general,

due to independent oscillators.

[3]–[6]) for single user systems. Most research in this area,
however, implicitly assumes that the carrier offset has been
properly compensated. Similarly many existing carrier recov-
ery techniques consider only flat channels and intersymbol
interference (ISI) free samples. Joint treatment of multipath
channels and carrier offsets has shown to be advantageous;
a Viterbi type joint blind sequence estimation and carrier
recovery approach was proposed in [7]. Only limited studies on
joint estimation are available, almost all of which are on single-
user systems [8]. Furthermore, most of the solutions developed
to date rely on iterative searching due to the nonlinear nature
of the problem.

Assuming perfect carrier synchronization, the authors pre-
sented in [9] and [10] a subspace-based channel estimation
algorithm that can accomplish signature waveform estimation
in CDMA without pilot signals. Similar techniques have been
developed in [11] and [12]. Other results on blind source
separation can be found in [13]–[15]. To cope with the
imperfect carrier recovery, an ESPRIT-based algorithm has
been proposed for carrier offset estimation in a multiuser setup
[16]. However, association of the estimated carriers remains a
much involved problem. Note that unlike a single-user system,
in which the channel and carrier offset can be dealt with
separately, joint estimation is compulsory in CDMA systems
due to the presence of multiuser interference. Although, in
principle, the joint estimation problem can be solved using the
maximum likelihood (ML) method, the complexity associated
with exceedingly high dimensional optimization renders the
very idea impractical.

In this paper, we seek an analytic solution for the esti-
mation of unknown multipath channels and carrier offsets
parameters in CDMA. Built on the algorithm in [10], the
proposed method first transforms the joint multiuser estimation
problem into a set of single-user multiparameter estimation
problems. Each single-user problem is then reduced and solved
by a simple polynomial rooting or one-dimensional (1-D)
spectrum searching through certain polynomial matrix oper-
ation. The new approach avoids the convergence and local
minima issues common to adaptive approaches and offers
closed-form estimation of channels and carrier offsets for all
users utilizing standard numerical tools. Performance of the
proposed estimator is studied using perturbation analysis and is
verified by computer simulations. The efficacy of the proposed
algorithm is demonstrated by comparing its performance with
the Craḿer–Rao bound (CRB) derived in this paper.

The rest of this paper is organized as follows. In Section II,
a base-band discrete-time CDMA model that accounts for both
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the multipath channel and carrier offset effects is formulated.
The proposed algorithm is presented in Section III, along with
some discussions on symbol recovery. Section IV provides
performance analysis and the derivation of the CRB. Several
illustrative computer simulations are given in Section V. The
paper is then concluded in Section VI.

Notations used in this paper are standard. Symbols for
matrices (in capital letter) and vectors (lower case) are in bold-
face. and denote transpose, Hermitian,
conjugate, pseudo-inverse, and linear convolution respectively.
The symbol stands for the identity (zero) matrix with
proper dimension. denotes estimate of parameter, and
denotes the 2-norm.

II. DATA FORMULATION

In a typical wireless scenario, the received noise free base-
band signal is given by

(1)

where

baseband transmitted signal;
number of multipath reflections;
delay associated with theth multipath;
complex attenuation associated with theth multipath;
residual carrier due to imperfect carrier synchroniza-
tion.

For a linearly modulated signal,
, where

bit sequence;
pulse-shaping function;
bit period.

On defining as the
composite channel response, (1) can be simplified as

(2)

The bit-rate discrete-time equivalent of the above model is
thus given by

(3)

where , , and
Here, and typify the two types of impairments

commonly encountered in a wireless environment, namely,
the multipath channel and the carrier offset. It is in general
plausible to model as an FIR filter with maximum length

[2].
In a CDMA system with users, the superimposed received

signal can be modeled as

(4)

where

user index;
th user’s received signal;

additive noise.

The signal from each user is modulated by a distinct spreading
sequence. Let be the spreading factor and

be the spreading code for theth user; then,
the chip sequence in CDMA can be expressed as

(5)

or equivalently

Here is the th user’s information bearing symbol stream.
Clearly, the symbol period is times the chip period or
sample interval

In this paper, we consider quasisynchronous CDMA sys-
tems, where signals from all users are synchronized within
chip durations. More specifically, we assume that the timing
ambiguity is accounted for by the unknown channels of length

Since for most CDMA applications [1], the channel
effect will cause minor ISI ( out of every samples).
Out of the chip-rate samples within theth symbol period,
the majority samples are ISI free and are given by

(6)

For analytical simplicity, we shall only consider these ISI free
samples in each symbol period in the remainder of this paper.2

It should be pointed out that the algorithm to be presented here
can be extended to asynchronous CDMA system with minor
modifications.

On defining and
, we may rewrite these ISI-free samples within the

th symbol period in vector form as

...

...

...

(7)

2Alternatively we may utilize all samples by introducing guard time in
spreading code, i.e., by settingci(m) = 0; for m =M �L; � � � ;M � 1; to
avoid ISI.
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It is easy to verify that can be expressed as

...
...

...

...
. . .

...

...

(8)

The general problem addressed in this paper is the estimation
of or and from without the
knowledge of information symbol

As will become clear later, the algebraic structure revealed
in plays an important role in solving the joint
estimation problem. Once are estimated, multiuser
detection can easily be performed using decorrelating or
MMSE receivers [17]–[21].

III. T HE PROPOSEDALGORITHM

Equations (7) and (8) present a well-defined parameter
estimation problem. Theoretically the problem can be tackled
using the maximum likelihood estimator (MLE) [22]. The
parameter set can be determined by maximizing the likelihood
function. This, however, generally involves multidimensional
searching, which has some well-known implementational dif-
ficulties. In the following, we seek a more practical approach
with lower complexity and maybe suboptimal performance.

A. Joint Estimation

Our proposed approach accomplishes closed-form parame-
ter estimation in two steps: First, it reduces the multiuser prob-
lem into single-user estimation problems through subspace
decomposition; then, it simplifies each single-user problem
to a tractable 1-D minimization problem. Key to the present
algorithm is a polynomial matrix operation that enables us to
decouple carrier and channel in the cost function.

To simplify our presentation, we will study noise-free case
and rewrite (7) as

... (9)

We first collect output sample vectors and obtain

...
...

...

(10)

A singular value decomposition (SVD) can be performed on
as

(11)

With sufficient data samples, it is plausible to assume the signal
matrix is of full row rank.3 Then, and share the same
column subspace, and is the orthogonal complement. From
(8) and (11), the homogeneous equations

(12)
hold. Equation (12) reduces the multiuser parameter estima-
tion to single-user problems. On defining

, we can estimate the carrier and channel of
each user as

(13)

Relative to the MLE, the complexity associated with the
above problem is significantly lower. However, (13) is still a
nontrivial multidimensional minimization problem because of
the nonlinear parameters involved. A simpler case with zero
carrier offset has been studied in [10]. In this case, in
(12) reduces to an identity matrix. Consequently, (13) has a
quadratic form and can be solved using standard minimization
methods

(14)

The difficulty of the present problem is two fold.

1) The estimation of and cannot be easily decoupled.
2) is nonlinearly

dependent on

To obtain an analytic solution, we need to convert
into a more tractable form.

For clarity, we drop the subscript in (12) and consider

(15)

Defining , (15) can be partitioned as

...
...

...
...

(16)
where is the th column vector of , and is the th
row vector of Note that the product in (16) can be
further expressed as a polynomial matrix with variable

...
...

...
...

(17)

3An equivalent assumption known as persistent excitation commonly incurs
in system identification literature, which generally holds true in practice.



1814 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 47, NO. 7, JULY 1999

is an polynomial matrix of order Now,
we can rewrite (15) as

(18)

Clearly, is a null vector of when , where
is true carrier offset. In other words, the nullity of is
at least 1. Barring the degeneration case, this suggests that
can be determined by examining the rank condition of
along the unit circle. For and to be uniquely identifiable,
it is necessary for to have full rank, except for
That is, one diagonal element of the Smith form of must
have a zero at , whereas all other diagonal elements are
constant. The exact identifiability conditions and their physical
interpretation are currently under investigation.

To evaluate the nullity of , let

(19)

and note from linear algebra that if a vectorlies in the
column span of a matrix , Here, is the
orthogonal projection matrix of Therefore, if we denote

as the orthogonal projection polynomial matrix of
, can be solved as

(20)

To construct , we need a finite-order polynomial matrix
satisfying

(21)

where is an appropriate delay index. The product
is a valid projection matrix of with delay In Appendix
A, we show how can be constructed directly from
Discussions on the existence of such an FIR inverse are also
provided.

Once is constructed, the orthogonal projection matrix
for , which is still an FIR polynomial matrix, is given by

(22)

Substituting (22) into (20) and defining

(23)

is the solution of the minimization problem

(24)

Defining , is readily deter-
mined by a 1-D spectrum searching of along the unit
circle. On the other hand, it is noticed that forms a
polynomial of , which has a root on the unit circle.
This enables us to identify through polynomial rooting, as
in the Root-MUSIC algorithm [23]. In practice, we pick up
the root inside unit circle with the largest magnitude. Its angle
is the estimate of

Once is determined, the channelcan be estimated
from (12) as

(25)

where the channel estimate is given by the null vector of
corresponding to the least singular value.

The proposed algorithm is summarized below.

1) Perform an SVD on the data matrix to obtain the
orthogonal subspace

2) For each user, form the matrix polynomial in (19).
3) Calculate the FIR inverse of and then the

orthogonal projection matrix
4) Identify the carrier offset from cost func-

tion through spectrum searching or
polynomial rooting.

5) Construct and determine the channel vectoras
the least-square solution of (25).

B. Multiuser Detection

Once the channel response vectors and carrier offsets are
estimated, we can form a decorrelating receiver to recover each
user’s information bearing symbols. Note that in a multiuser
scenario, the carrier offsets cannot be compensated individ-
ually. However, this does not prevent us from performing
multiuser detection. First, we calculate each user’s signature
waveform vector using relation and then
reconstruct the matrix in (10). To recover theth user’s
signal, we design a zero-forcing receiver satisfying

(26)

where is th column vector of identity matrix. This is
generally achievable as long as is of full column rank.

The output from is still modulated, and we can compen-
sate the residual phase of the receiver output with the estimated

or using differential decoding. In the noise-free case, we
can perfectly recover the signals using zero-forcing receiver.
With additive noise, MMSE receivers rather than zero-forcing
receiver should be used as in

(27)

where is covariance matrix of the received signals. See
[17] and [18] for further discussion.

IV. PERFORMANCEANALYSIS AND CRAMÉR–RAO BOUND

The objective of this section is to evaluate the performance
of the proposed algorithm and to derive ashape deterministic
CRB for reference. The performance measure we use here
is the mean squared error (MSE) of the channel and carrier
estimates.

A. Perturbation Analysis

To derive the MSE’s of carrier and channel estimates of the
proposed algorithm, we resort to the first-order perturbation
method introduced in [24] and [25]. Since direct application of
perturbation analysis to the proposed algorithm will be tedious
and unnecessary, we will instead examine perturbation of the
minimum point of the cost function defined in (13). This is
reasonable because in constructing in (23), only matrix
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operations are involved. The first-order perturbation should
yield close approximation for the algorithm under high SNR.

The noise corrupted data matrix can be expressed as

We first introduce a Lemma which gives an approximate
expression of orthogonal subspace of noisy observations

Lemma 1 [24]: Let

be the SVD of and be an additive noise in
The first-order approximation of perturbation of is given by

(28)

The proposed algorithm relies on minimization of the cost
function defined in (13). In the noise-free case, the cost
function will reach its minimum at the true carrier and
channel

(29)

We will abbreviate as when no confusion is possible.
In the presence of noise, reaches its minimum at and

Denote Re and Im
Under the high SNR assumption, and can be
considered very small. In the following, we shall approximate

and using the one-step Newton method.
In blind identification, we assume the first coefficient of

is known. This is equivalent to a linear constraint

where is first column of an identity matrix with proper
dimension. It should be pointed out that the actual algorithm
is based on a quadratic constraint. However, within first-order,
the difference between these two constraints should be small.

Denote as with the first row deleted and as with
the first column deleted. Further, define

When reaches its minimum, the first-order
derivative with respect to and must be 0. Approximating
the first-order partial derivatives of at by the
first-order Taylor series expansion at point yields

(30)

where the second-order partial derivatives are given by

(31)

From (30), we can solve for and as

(32)

Given (32), we next express as a linear function of the
first-order perturbation of the orthogonal subspace given
in (28). For notational simplicity, we denote
as and define the first-order partial derivative

We have, from (32)

(33)

The first- and second-order partial derivatives appeared in (32)
are calculated in Appendix B.

With first-order approximation

and

Note that , and we can further approximate
(33) as

(34)

Combining the results in (28) and (45) in Appendix B,
can be expressed in terms of noise

(35)

When the noise is i.i.d. with zero mean, it is easy to verify
The estimator is thus unbiased. To obtain the

MSE’s of parameter estimates, we need to calculate
Assume the noise is independent complex white Gaussian with
zero mean and variance of The following results hold:

Re (36)

The proof is straightforward, and we leave it to the readers.
Before calculating the MSE of individual parameter, define

Further, rewrite in (35) as
or with
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and accordingly defined. The final MSE
expressions for each parameter estimate are

Re

(37)

It is important to point out that though seemingly com-
plicated, the above MSE expression only contains physical
parameters of the system and thus allows us to predict the
performance of the algorithm directly by pluging the system
parameters including the true carriers and channels.

B. The CRB

The deterministicCRB is derived here to compared the
performance of proposed algorithm with the MLE.

For convenience, we modify our data model in (7) by
merging the term into and rewrite it as

(38)

where
diag diag and

Assuming deterministic unknown symbols and complex
white Gaussian noise with unknown power [26], the
likelihood function of received data is given by

(39)

The log likelihood function is thus

const

(40)

We now construct the Fisher information matrix (FIM)
by calculating the derivative of (40) with respect to

, where

Re

Im

Re

Im

Note that in the above equation, we assume the first channel
coefficient for each user to be known; therefore, they need
not be estimated. Calculation of each element of the FIM is
given in Appendix C. With (47) calculated in Appendix C, the
FIM can be directly constructed. We can numerically compute
the variance of individual parameter estimate by inverting the
FIM CRB diag FIM

V. NUMERICAL RESULTS

In this section, we provide some computer simulation results
to illustrate the efficacy of the proposed algorithm relative to
the CRB and to verify the analytic MSE expression derived for
the new algorithm. In all of the following examples, multipath
channels of length 3 were used. Carrier offsets were randomly
selected from The information sequence
is QPSK.

First, we graphically illustrate the cost function
in (23) using noise-free data. Fig. 1 shows the spec-

trum of and roots of of a 10-user CDMA system
with spreading gain In Fig. 1(a), the solid line
denotes the true carrier offset, while the “o” in Fig. 1(b)
represents the root for the estimate. As seen, the proposed
algorithm yields the exact carrier offset estimate in the absence
of noise.

In the next example, we verify the performance predicted
by perturbation analysis in Section IV under different SNR’s
with the following setup: With
SNR varying from 10–30 dB, 365 Monte Carlo trials were
conducted for each SNR value. The MSE was calculated and
compared to that given by theoretical prediction and the CR
bound. We plotted out the MSE’s for and in Fig. 2.
The normalized MSE was employed as the
performance measure. As can be seen from Fig. 2, the MSE’s
of carrier and channel estimate obtained from simulation and
perturbation analysis are very close, indicating the accuracy of
the perturbation analysis for a large range of SNR values. Same
results have been consistently observed in all our simulations
and conducted under various setups.

Next, we show the effect of number of symbols on the
performance of our method. As seen from (37), all the terms
in the final MSE expression are constant except for the terms
with , which is inversely proportional to the square root
of signal power. Therefore, the MSE should be inversely
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(a) (b)

Fig. 1. (a) Null spectrum and (b) root distribution ofa(�) and a(z):

(a) (b)

Fig. 2. MSE versus SNR. (a) Performance of� estimation. (b) Performance of channel estimation.

proportional to , which is the number of samples. Such is
indeed the case in Fig. 3. The two curves in Fig. 3(b) are
quite close. This also shows that the asymptotic performance
of analysis using linear constraint and quadratic constrained
algorithm is very similar.

Finally, with the estimated and , we constructed in
(10) and calculated the zero-forcing receiver according to (26).
Signals of interest were then recovered using the zero-forcing
receiver. The setup is with SNR 12
dB. Only ten samples were used for parameter estimation. We
recovered 100 symbols from the first and the second user,
and each are shown in Fig. 4. The results are compared with
that obtained by applying the algorithm developed in [10],
where the carrier offsets were ignored. Clearly, by taking
both the multipath channel and carrier offset into account,

the proposed algorithm significantly outperforms the existing
approach.

VI. CONCLUSION

A subspace based approach for joint carrier and channel es-
timation in CDMA systems has been presented. The proposed
method, formulated in a similar way as many subspace-based
methods, and, in particular, the MUSIC algorithm, exploits the
intrinsic algebraic structure of CDMA signature waveforms
and provides a closed-form solution for the multiuser joint
estimation problem without knowledge of input signals. Per-
formance of the proposed algorithm has been analyzed using
first-order perturbation method. The CRB of the channel and
carrier estimates is also derived. The performance of proposed
algorithm has been demonstrated using computer simulations.
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(a) (b)

Fig. 3. MSE versus number of samples. (a) Performance of� estimate. (b) Performance ofhhh estimate.

Fig. 4. Signal constellations.

APPENDIX A
EXISTENCE AND CALCULATION OF

Before proceeding, we recall the definition of the Smith
form of a polynomial matrix [27].

Definition 1: Given a polynomial matrix , it can
always be expressed in Smith form ,
where we have the following.

1) are unimodular polynomial matrix in i.e.,
with constant determinant.

2) is a diagonal matrix with first diagonal
elements that are polynomials in The
remaining diagonal elements of are zero. Here,
is the rank of The elements are given by

, and is the
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greatest common divisor of all the minors of
is a factor of

Theorem 1 [28]: For a polynomial matrix , there
exists an FIR inverse that satisfies (21) iff the diagonal
elements of ’s Smith form are

In our case, The above theorem asserts
that if all of the minors of are coprime
with the exception of factor , which holds almost surely in
practice, there exists an FIR inverse that satisfies (21).
We now calculate under the assumption that such an
inverse exists.

Rewrite and in matrix polynomial form as

(41)

The time-domain equivalent of (21) is given by

...
...

...
. . .

...

(42)

where has at its th block.
By choosing appropriate [the length of ] and the

delay index , can be determined as the solution of (42).
The proposition below establishes the existence of an FIR

inverse of in the time domain and can be utilized to
directly calculate

Proposition 1: There exists a that satisfies
iff the product has the form

(43)

where stands for block elements that we do not care, and
is the th diagonal block

Proof: The sufficient condition is straightforward be-
cause if we choose with at the th position,
is a valid solution of (42).

For the necessary condition, suppose that
; therefore, since exists and

This implies that ,
which contradicts with given condition Thus,

so that
Note in the above theorem, need not to be of full column

rank, which is actually the case in our algorithm.
To calculate , we first choose satisfying

so that the block Hankel matrix constructed
from is a tall matrix. Next, we identify the delay
such that the th diagonal block of the product is

With so chosen, can be calculated as

(44)

can be easily reconstructed from

APPENDIX B
FIRST- AND SECOND-ORDER DERIVATIVES OF THE

(45a)

(45b)

(45c)

(45d)

(45e)

(45f)

(45f)

Re (45g)

Im (45h)

Re (45i)

Note that the first derivatives have already been expressed
in terms of by keeping only the first-order terms and
using the fact that
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APPENDIX C
CALCULATION OF CRAMÉR–RAO BOUND

(46a)

Re (46b)

Im (46c)

Re

(46d)

Re (46e)

Re

(46f)

Re (46g)

Im

(46h)

Im (46i)

where

...

Before calculating the CRB covariance matrix, we need the
following assumption and results (see [26]):

and

for
for

(47a)

We know is uncorrelated with any other deriva-
tives in (46). Therefore, any other covariance terms containing

are 0. The rest of the elements of the FIM are
given by

Re (47b)

Im (47c)

Re (47d)

Re (47e)

Im (47f)

Re (47g)

Im (47h)

Im (47i)

Re (47j)
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Re (47k)

Re

Re (47l)

Re

Re (47m)

Re

Re (47n)

Im

Im (47o)

Im

Im (47p)
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