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Abstract—Although there have been extensive studies on the . i T oln) = T slklkolnLT = £T)
blind equalization problem for temporally or/and spatially over- - -
sampled communication signals, the literature is not equally rich < L/nLT
for undersampled, and possibly multiuser, wireless systems. In this Z - yiln] = Ty (k] [nLT — kT
paper, we investigate the feasibility of blind signal recovery from T ~
undersampled data collected from plurality receivers. We show 5 slkid(t - kT) N -
. -

that although an undersampled communication system is not com-
pletely identifiable in general, such an obstacle can be overcome T T = Sy sl [nLT — kT)
by employing proper precoding with an arbitrary amount of band-

width expansion in the transmitter. The main contribution of this )

paper is the formulation of a generic framework for all undersam- Fig. 1. Undersampled antenna array system.

pled systems and the derivation of necessary and sufficient condi-

tions for a class of filters (which we termambiguity resistantpre- .
coders) that allow the blind recovery of the transmitted signal. A known that wheny(t) is sampled at the baud rat¢7’, such a

family of such precoders is given. We discuss various related issuest@sk is not possible without the use of higher order statistics un-
and show, for example, that block precoders, i.e., memoryless pre- less the channel is specially structured (e.g., a minimum-phase
coders, are not ambiguity resistant. In addition, we derive an algo- channel). The situation is completely different when the channel
rithm that can accomplish blind equalization with a finite number outputs possess certain diversities. Tebgl. show that almost

of observations. all FIR channels can be blindly determined if the channel output

Index Terms—Antenna array, blind estimation, precoding. is oversampled by means of fractionally sampling or/and mul-
tiple receivers [3], [4].
|. INTRODUCTION AND PROBLEM FORMULATION The basic principle of diversity techniques in blind identifica-

. . L L .. .. tionisthe following. LetS(z), H1(z), andHz(z) be three poly-
ECAUSE of its practical significance, blind identification

X L ; .~ nomials ofz. When more than one outpi(z) = H1(2)S(z)
of an FIR linear time invariant (LTI) channel has recelvean Ya(z) = Ha(2)S(z) are available, all zeros of(=) (and
considerable attention in the past decade in communications g) itself) can be determined from ’the zeroesigf ) and
signal processing [1], [2]. There are two basic issues in bli Y (=) if and only if H, (=) and Ha(~) are coprime, i.e., they do
identification—one on blind identifiability and the other on th%ot have any common zeros. For a fractionally sampled system
identification methodology when a system is blindly identifi:

able. In this paper, we mainly focus on the first issue, i.e ﬂ\%ith oversampling rate 2, i.el\' = 2, Hy(z), andHx(z) cor-
' ’ ' = Frgspond to the two polyphase components of the chakie).
blind identifiability. P WO polyp P (e}

An LTl ch f be described For a multireceiver system with tworeceivefs, (z) andHa(z)
n channel can be described as correspond to the two channel transfer functions of the two an-

y(t) = Z s[n)h(t — nT) (1) tennas. The two types of diversities can be combined, and there
n is an abundance of references in the literature on these prob-
where lems; see, for example, [5]—[11].
s[n] information bearing symbol sequence with baud rate To date, almost all research on blind identification deals with
1/T; channel outputs that are sampled at least at the baud rate. In cer-
h(t) LTI channel, tain applications, a communication system mayheersam-
y(t) received signal. pledwith rate1/LT (L > 1) for reasons ranging from fixed

In blind identification, the goal is to determing»] from the re- hardware to variable data rates of source signals. Clearly, per-
ceived signa/(¢) without knowledge of the channal#). It is fect signal recovery is impossible in these scenarios. However,
when a collection of low rate observations is available, it may

, , _ be feasible to restore the source signals by combining partial in-
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pling rate at the receiver, which may reduce the hardware cost
significantly in high-speed digital communication systems.

The primary issue we address in this paper is the precoder
conditions under which the input signaln] can be blindly

determined from the received signals,,.[n]}}—; without
knowledge of the channel characteristidg,,,(»)} ' =+. More

specifically, we study a class aimbiguity resistanprecoders
that is capable of removing the ambiguity introduced by
undersampling. In the remainder of this paper, we will denote
the system in Fig. 2 af K, N); (L, M)]. This identifiability
guestion will be investigated under a unified framework devel-
oped in Section I, where we show that &K, N); (L, M)]
systems can be cast into [6K, N); (N, M)] system with
The correct answer, nevertheless, is no when- 1. Thisis K < N < M, provided thatN > K andMN > KL. In
because the system in Fig. 1, as will be shown in the ensuiBgction Ill, we derive necessary and sufficient conditions on
sections, is equivalent to a multiple input and multiple outp@imbiguity resistant precoders in blind identification. A family
(MIMO) system. Based on the previous known results [8], [12bf such precoders is also given. Surprisingly, we show that all
[13], one can at most identify an MIMO system to a matrix anblock precoders, i.e., memoryless precoders, are not ambiguity
biguity. The question, then, becomes the following: Is there amgsistant unles& = 1. Although the emphasis of this study
affordable way to restore the blind identifiability? To answer this not on algorithm development, we nevertheless present a
question, let us briefly recall a precoding scheme recently intrgata-efficient algorithm that can accomplish blind source re-
duced in [14] and [15] for intersymbol interference (ISI) caneovery for a[( K, N); (IV, M)] system with simple least-squares
cellation using nonmaximally decimated multirate filterbanksfitting. The algorithm is evaluated by numerical simulations in
The precoding scheme proposed in [14] and [15] can I&ection V, and the paper is concluded in Section VI.
shown in the left-most block in Fig. 2, whe® | means
downsampling by a factor ok, i.e., taking only one sample II. SYSTEM UNIFICATION

in eachK samples, an@vV 1 stands for upsampling by a factor ) . ) .
N, i.e., inseringV — 1 zeroes between each two adjacent In this section, some fundamentals of filterbank operations

samples. It has been shown in [14] that almost all FIR LTA™® first reviewed. We then formulate the_ system of inter_est
channelsH(z) can be ideally equalized using FIR precodin%ﬂs'ng an MIMO model, based on a generic framework we in-
filters with an expansion in bandwidth/N, i.e., K = N — 1. roduce t_ha_t will be usgd throughout this paper. Although our
The same concept has been applied by Giannakis to b"ppa)blem is mtroduged in the contex.t of undersampled mulure—
channel identification in [16]. Precoding can also to used &51Ve" systems, it will become clear in the ensuring sections that
shape the spectra and introduce spectral asymmetry betwi¥nresults presented have much broad applications.

multiple sources. A method based on correlative precoding oS & general notational convention, matrices (in capital let-
partial-response signals has been proposed by Xatie. ters) and vectors (in low cases) will be in boldface. The symbols

for blind multiuser channel identification in spatial division(_')H' Ok and® stand for Hermltlanl, transpose, and convolu-
multiple access (SDMA) applications [18]. Other IS relateHon: respectivelyH(z) = Ho+H, 2™ +-- -+ H, 2" denotes
precoding techniques, e.g., Tomlinson-Harashima (TH) codifign@rix polynomial. The symbdi(0) stands for the identity
[19], [20] improve the performance of a communication linkZ€ro) matrix or vector with a proper dimension.Hf, 7 0,
but require explicit knowledge of the channel characterisitcs.1€n? i called theorder of the polynomial matrixti(z).

Motivated by the above observations, we propose to use pre- .
coding techniques to solve the blind identification problem fd- MIMO Representation
the undersampled system in Fig. 1. The overall structure is math¥or analytical simplicity, it is more convenient to represent
ematically described by Fig. 2 without loss of generality. Théhe system in Fig. 2 as an MIMO system with matrix transfer
rationale here is that although it is not possible to completefynctions.
identify s[»] in Fig. 1, one should be able to restore the iden- Since the (un)blocking process and the polyphase represen-
tifiability by slightly adding somenanageableedundancies in tation will play an important role in the rest of this paper, let us
the transmitter. By comparing the new system in Fig. 2 with thdefine some notations and review some basic results; see [21]
previous system in Fig. 1, it is seen that the samples at eachard [22] for related topics.
ceiver are reduced by times, whereas the samples at the trans- The output y[»] shown in Fig. 3(a) of the blocked
mitter are increased by /K times. Therefore, the overall sam-y[n] with block size N is the vector-valued signal
ples are reduced by, (K/N) = LK/N times. In particular, y[n] = (y[Nn],y[Nn — 1],...,y[Nn — N + 1])*. Con-
whenL = N, the overall samples in the new system in Fig. 2ersely, the outputv[n] shown in Fig. 3(b) of the unblocked

Precoding Multi-channel Undersampling

Fig. 2. Precoding for undersampled an antenna array system.

are reduced byK times. WhenK is chosen to be as large asvector-valued signatv[n] = [wo[n],wi[n],...,wx—1[n])*
N —1with N = L < M for M receivers, this reduction of sam-with unblock sizeN is w[n] = wy[l]] whenn = NI — k
ples might have significant impact on the computational loadfar ¥ = 0,1,...,N — 1. In particular, whenw[n] =

each receiver. In addition, the undersampling reduces the sagiNn], y[Nn — 1],...,y[Nn — N + 1T, thenw[n] = y[n].
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s[n) Blocking Unblocking Blocking y{n)
y[n] Blocking with nyl[n] > with G(2) with unblock| ™  with H(z)
block size K| size N block size L
block size N

Fig. 4. Equivalent precoded undersampled antenna array system.

(a)

s[n] Blocking with | s[n} un] y(n}
——— G H(z) —
Wle[n] Unb]ocking with w[n] block size K (z) (Z)
—_— EEEEEEEE——
unblock size N Nx K MxN
x x
(b) Fig. 5. Generic undersampled multireceiver system with precoding filters.
Fig. 3. Blocking and unblocking. Proof: See Appendix A. O

Lemma 1 enables us to limit our analysis to the

The same blocking and unblocking processes can be similathff V) (V, M)] = K < N < M} system depicted in
defined for vector or matrix sequences. Fig. 5 without loss of generality.

For afilterQ(z) = 3 g[n]z ", its vth polyphase compo-
nentof sizel, Q(z) is defined as [II. I DENTIFIABILITY ANALYSIS

. The output of the generic system in Fig. 5 can be expressed
Q. ()= qln+ql™", 0<y<T-1 (2 4

n
Vmxi(z) = Hyxn(z)uyxi(z)

= Hurxn(2)Gnxr (2)sKx1(2)
whereH(z) characterizes thenknownchannel, wherea&(z)
H(z) = (Hm(2))ogmem-10c1<0-1 ®3) represents th&nown precoder.The problem herein is to de-

where H,,,:(z) is the ith polyphase component of sizk termine the inputs(z)_and in many cases the chanrH](z)_
of H,.(z). Similarly, for the precoderiGn(z)}ﬁr_l their fromthe outpuy (=) using only knowledge of the precoder filter

For theM channels responses in Fig{2,,(z)}}_4, their

m=0"

polyphase matrixvith sizeM x L is denoted by

=01
polyphase matridxG(z) (N x K) is given by G(z); _ -
This section addresses the conditions Hfz) and G(z)
G(2) = (Gn.1(2))o<n<N—1 0<k<i—1 (4) under whichsk 1 (=) can be blindly identified frony ;1 (2).

here G is the kth polvoh ¢ of sidé of To facilitate the forthcoming discussion, let us first lay some
whereG,, i(z) is the polyphase component of Size 0 groundwork by reviewing an important result regarding FIR

Gn(z).
e . - MIMO systems.
With the above notations, the system in Fig. 2 can be con-r .= ¢ [12], [23], [24]: For an N-input M-output

verted to an equivalent MIMO system shown in Fig.4[14],[21](.M > N) FIR system with transfer functiof(z), the
following statements are equivalent:
) ) . . 1) H(z) isirreducible, i.e., ranl(z)] = N, ¥z € C, and
Throughout our discussion, the follow assumptions are in- rankH,] = N [25].
voked for the[(K, N?? (L., M)] system ur?der consideration. 2) H(z) and the input vecton(z) can be identified up to
A.1) The precoding filter has dimensidnx K, whereN > anN x N invertible constant ambiguity matrix from the
K; outputs using second-order statistics.

A2) N/JK x M/L > 1,i.e,NM > KL. Most practical channels are irreducible. Extreme cases (e.g.,
instantaneous channels in narrowband antenna array systems)

A.lis clearly required in the precoding; otherwise, there wilan be coped with receiver-end processing that removes the co-
be no increase in redundancy that renders blind identificatigarence of the output signals. If the precoder is also designed
impossible. The same is true for A N/K L quantifies the {5 pe irreducible, theeompositetransfer functionH.(z) def
overall system redundancy. NM < K, the whole system 1,)G(z) is clearly irreducible. Theorem 1 asserts that the
becomes an MIMO system with no more outputs than input§ysiem inpus(z) canonly be determined within & x K ma-
which is not possible to be identified blindly. _ trix ambiguity directly fromy(z) if the precodeiG(z) and the
~Under A.1 and A.2, there are still many possible combin@nannelH () are combined as a single MIMO system. Based
tions of the four parameterss( IV, L, and M), which make a o this observation, it seems impossible to fully recover the

unified analysis difficult. The following lemma simplifies OUrinput since any combination 6{z) = Ws(z) andf{c(z) _
data model by casting any system that satisfies A.1 and A.2 il’ItE:(z)Wfl can qualify

a generic framework. o

Lemma 1: Any [(K, N); (L, M)] system withN > K and H.(2)s(z) = y(2).
NM > KL canbe castinto agenef(ds, N); (IV, M)] system  While the above equality holds indeed for many possible in-
with K < N < M. puts, the conclusion regarding the identifiability is invalid. This

B. Generic Framework
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is because that the above approach clearly does not take any adheorem 2: An N x K FIR irreducible precoding filte€x( )
vantage of the precoding part. Instead of findingsén) and is ambiguity resistant if there does not existdrx N full-rank
H.(z) that satisfyy(z) = H.(z)s(z), the problem of interest constant matriE # oI for any constanit and al{ x K matrix
here is to finds(z) andH.(z) such that X(z) # A1 for any constang such that the above identity (7)

. holds.
y(2) = He(2)s(2), subjecttoH.(z) = H(z)G(z) Proof: Arrange K segments of the input signals, where

whereG{(z) is a known precoder. This motivates the followingach segementisfd x 1 polynomial vectos;,(z) into aK x K
blind identifiability concept. Input matrixS(z) = [s1(z) --- sk(z)]. Since the input signal
Definition: The system in Fig. 5 is blindly identifiable if is random, thisK" x K matrix almost surely has full rank. Let
5(z) = as(z) andH(z) = SH(z), wherea and 3 are two (T, S(2)) be another set of solution that satisfies
scalars, are the only solution for the following system given the S/
outputy(>) and the precodef(z): TG(2)8(z) = G(=)S(2)
- . To prove this theorem, we only need to show that under the con-
y(2) = H(z)G(2)s(2)- dition in the theorem, we can conclude ti$dt) = «S(z) for
In the following, we show that by incorporating knowledgé Nonzero constamt. SinceT' is invertible, the above equation
of the precoder, it is possible to determine the ingah within ~ implies
a scalar factor. We tackle the blind identification problem in two

-1 _ Q -1
steps. i) Determine what we term thebiguous inputs T G(2) = G()S()S ().

u(z) : Ta(z) = u(2) (5) By the condition in the theorem, we ha8é~)S~*(z) = alx,

. ) i which proves the theorem. O

whereT isanN x N fuII—.rank constant matrix, bllnd.ly from  The uniqueness of the Soluti¢f’, s(z)) in (6) tells us that
the system outpug(z). This can be accomplished using many

existing approaches whéil( ») is irreducible, provided that the TG(2)s(z) = G(2)s(z)
inputs have sufficient linear complexity. ii) Oné&>) is identi-
fied, the blind identification problem reduces to whether or n

s(z) can be determined froi(z) in the presence of a full-rank be an identical matrix. A more detailed analysis of these condi-

- ) 1 .
ambiguity mgtn_x’I‘ (or.T )- We then show that there exists Yions has been discussed in our follow-up work [17]. For sim-
class ofambiguity resistanprecoders that can resolve the ma

. o . L . : . ~ Oplicity, in what follows, we only consider the sufficient condi-
trix amb|gwty without additional |nf0rmat|on. Slnt_:e Step i) '.%on |)r/1 Theorem 2 for ambiguit); resistant precoders, ;)
well stu(_j|ed [8], [12], [13], our focus in the remainder of th'sfs called ambiguity resistant if (7) in terms of variable&rmand
paper will be devoted to the precoder part.

X(z) has only the trivial solutiolE = oI andX(z) = oI for
a constantv. Note that sinc&=(>) is irreducible, detX(2)) in
(7) is a nonzero constant, i.&(z) is unimodular.
We first define the concept of ambiguity resistance. To examine this ambiguity resistancy of a given precoder,
Definition: An. N x K FIR irreducible precoding one would need to determine if (7) has a unique solution, i.e.,
filter G(z) is ambiguity resistantif its input s(z) can be whetherX(z) = I (which guarantees(z) = s(z)) is the only
uniquely determined up to a scalar from its ambiguous outpst|ution. To make the precedure numerically tractable, note that
{u(z) : Tu(z) = u(z)}, whereT is an unknown invertible it follows from (7) thatX(z) = G (2)EG(z), whereG 1 (z)

irpplies thats(z) = as(z). In other words, the solution &(z)
Nas to bexT in (7), whereas constant matfik does not have to

A. Ambiguity Resistant (AR) Precoders

N x N constant matrix. denotes the left pseudo-inverse®tz). Hence
The above definition asserts that giviefx) and a known am-
biguity resistant precode(z), the unknown paifT, s(z)) can EG(z) = G(2)GL(2)EG(2). ®

be uniquely determined up to a scalar ambiguity based on ¢ o resenting the above equation in the time domain, one may

following relationship: check the ambiguity resistancy@f(z) by solving a linear equa-
Tu(z) = u(z) = G(2)s(). (6) tion set. IfE = al for some constant as the on_ly nonzero
solution, thenG(z) is ambiguity resistant. Otherwise, it is nec-
Although the above definition is intuitive, it is hard to handle issary to check wheth&(z) = I for some constan or

practice. We next want to simplify the ambiguity resistance ar]glc,(z) = G(z) since it is possible to havEG(z) = G(z)
propose another condition that is simpler to study. Note thatijith E £ ol

there exists aiV x N full-rank, nonidentical, constant matrix \Whenk = 1, X(z) = « for some nonzero constantis
E and aK’ x K nonidentical matrixX(z) such that always true. By Theorem 2, the following corollary is straight-

forward.
EG(2) = G(»)X(z 7
(=) (#)X(=) ) Corollary 1: An N x 1 FIR invertible precoding filteG(z)

it is straightforward to show thdET, X(z)s(z)) also satisfied is always ambiguity resistant fay > 1.

(6). This corollary is not surprising since wheld = 1, the
Defining 8(z) = X(2)s(z), itis clear thatX(z) is thepoly- [(1, N); (N, M)] system reduces to a conventional oversam-
nomial ambiguityof the input that cannot be determined. pled system that is clearly identifiable. With this result, we only

The above is summarized in the following theorem. need to consider the case &f > 1.
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Next, we want to present some necessary conditions on ttenditions for an ambiguity resistant precoder. Although the

ambiguity resistance. physical interpretation of our results is unclear at this stage, the
Theorem 3:Ifan NV x K, K > 1, FIR irreducible precoder theorem is nevertheless interesting from a theoretical viewpoint.
G(z) is ambiguity resistant, then we have the following. The proof of the theorem builds on the following two useful

1) There exist no full-rank constant matiixand invertible lemmas. o _
K x K polynomial matrixV (z) such that the firstcolumn ~ Lemma 3 [21]: WhenGyxx(2) (N > K) is irreducible,

in the matrixEG(z)V(z) is (1,0,0, . ..,0)*. its Smith—McMillan form is given by
2 N> K. G-W Lixr | v/
3) The orderQ of G(z) must satisfy the following lower =W |, (2)
bound:

whereW n . n(z) andV i« k() are referred to as the left and

N2+ K% -1 right unimodular matrices, respectively, in the Smith—McMillan
Q> —f—F— — 1L i
NK decomposition ofG(z).
The left unimodular matri® (z) can be further decomposed
Proof: See Appendix B. O into

Condition 2 is not surprising since whe¥ < K, no re-
dundancies are introduced, and therefore, the precoder does not Wi(z) = [vaxK(z) WR,X(N_K)(z)} .
have any ambiguity resistant capability. As a side note on Con-
dition 3, it can be easily verified thatwhéti = N —1,Q =1 Clearly, W?(z), which is associated with the identity part of
marginally satisfies the above condition. Therefore, a first-ordtre middle Smith form, essentially defines the column span of
precoder could be sufficient for &IV —1, N); (N, M)] system. G(z). The Smith—McMillan decomposition of a tall invertible
We will see an example of such cases later. These necessafrix can be simplied a&(z) = W*(z)V(z), whereW"(z)
conditions are helpful in the construction of ambiguity resistaif left invertible.
precodersG(z) later. From the above necessary Condition 1, Lemma 4:Let G(z) = Wi(2)[I 0]"Vi(z) = Wa(z)

we immediately have the following corollary. I O]TYQ(z? be two Smith—McMiII_an decomppsitions of the
Corollary 2: Block precodersG(z) (constant matrix) with precoding filter.Vy(z) = aVa(2) if and only if Wi(z) =
K > 1 are not ambiguity resistant. 1/aW3(z), wherea is a nonzero scalar.

Proof: When G(z) itself is a constant matrix, there The proofis simple and is thus omitted.

always exists anV x N full-rank and nonidentical constant Theorem 4: A precoding filterG(~) is ambiguity resistant
matrix E such that the first column of the matriRG(=) is if and only if there exists ndv x N constant matrix& such
(1,0,0,...,0)T. O that bothW(z) andEW (z), W*(z) # o«EW?(2) are left

Although these three necessary conditions in the above th&imodular matrices in the Smith—McMillan decompositions of
orem are rich enough in constructing examples (see later) of aftz).
biguity resistant matrices, they are still not sufficient. A coun-  Proof:
terexample is the following x 2 polynomial matrix: Necessary Part:

If G(2) = W?*(2)V(z) = EW?(2)V;(2), post multiplying
V5 1(2)V(2) to all sides yields

G =" W ()V(2) V5 (2)V(2) = EW (2)V(2).

0 =2 Let X(z) = V;(2)V(2). SinceW*(z) # aEW?(2),
wherey > 1 is a fixed integer. It is not hard to see that thi¢-emma 4 asserts tha(z) # ol. Itimmediately follows that
_G(z) satisfies the a_bove all three necessary cond_itions vwhgn EG(z) = G(2)X(2).
is large enough. It is, however, not ambiguity resistant, which
can be seen from the following lemma as a general result.  The above equation implies the unimodularityX¢z). There-

Lemma 2: Let G,(z) be N; x K; polynomial matrices for forezq(z) is not ambiguity resistant based on Theorem 2.
j=1,2,...,J > 1. Then, the block diagonal polynomial ma-Sufficient Part:
trix diag(G1 (2), Ga(2), ..., G s(2)) is not ambiguity resistant. L&t G(z) = W(2)[L 0]"V(z) = W*(2)V(z). If there ex-
Proof: Clearly,ajIijNj Gj(z) = Gj(Z)OéjIKjXKj for Ists anX(z) 7£ ol and
g = 12,...,J. LetE = diaqoél:[l, asly, ..., OCJIJ) and EG(Z) - G(Z)X(Z)
V(Z) = diag(alIl, OéQIQ, N OéJIJ). Then

1 0

then
Ediag Gi(z), G2(z),...,G1(2))

EW?*(2)V(2)X1(2) = W?(2)V(2) = G(»).
=diagG1(2), Ga(2),..., G (2))V(2). (2)V(z) (2) (2)V(z) (2)

Clearly, both W(z) and EW(z) are valid left unimod-

As long asay, as,...,ay are not all equalE # oI and ular matrices of the Smith—-McMillan decomposition.
V(z) # pI for any constantsy and 3. This proves the Since V(2)X~(z) # 1/aV(z), Lemma 4 asserts that
lemma. O EWS3(2) #aW?(2). O

With the establishment of the above necessary conditions, wdt would be very interesting to investigate simpler necessary
now present a theorem concerning the necessary and sufficeemd sufficient conditions on ambiguity resistant precoders.
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B. Family of AR Precoders of EG(») and the elements at the last row®f )V (z). It can

Motivated from the necessary conditions in Theorem 3, Wi§ Verified thatBy ,,.(z), which is themth element of the last
now want to construct a family of ambiguity resistant precodef@W of the matrixG(z)V (z), is given by
G(z). We have the following result.

Theorem 5: For any positive integeN > 1, the following By.m(z)
matrix G(z) with size N x (N — 1) is ambiguity resistant: N-1

= (_1)N_lel,rn+lz_N + Z ((_1)]\"—71-1—16”717"1
n=2

1 0 0 0 0 - N _
27 10 0 0 + (=D e mr1)z T N ey e
0 27 1 --- 0 0
G(z)=| . C : : (9 FromEG(z) = G(2)V(z), we have
0 0 0 271 .
0 0 0 0 =z By m(2) = enm + eNmt17 -

Nx(N—1)

for an integery # 0. This implies the following equations:

Proof. To prove this theorem, it is sufficient to prove it

for the case ofy = 1; otherwise, we may replace™ by a new erm+1 =0, and e, =0,
variablez—!. form=1,2,...,N -1

First of all, the above&(z) is irreducible. Define the first gng

equation at the bottom of the page. It is easy to check that
Cn,m = Cn41,m+1

form=1,2,....N—-1, n=1,2...,N—1.
GL(2)G(2) = In_1yx(nv-1)-

It is not hard to see that these equations imply that, = 0
LetE = (e,.n)nxn be ani¥V x N constant matrix such thatfor n # m ande,, ,, = e1 1 for all n. In other words, we have
EG(2) = G(2)V(2). We want to prove thak = «I for some proved thatl = oI for some constant. By Theorem 2G(z)
constantx. is ambiguity resistant. O

By the above equations, we haVgz) = G (2)EG(z). It Notice that in the above, the ambiguity-resistant precoder

is clear that we then have the second equation at the bottonfarhily has parametel® = N —1, which is the most interesting
the page. Since we then have the third equation at the bottomaofl important case of the precoders because the minimum band-
the page, we only need to compare the elements at the last keidth expansion in the precoding is usually desired.

1 0 0 0 0 0
N 1 0 0 00
Gr(z) = z72 -zt 1 0 0 0
(—1)N=2,=N+2 (_)N=3,=N+3 (] N—4,—N+4 -1 1 0 (VoD N
e11 + 61722_1 €12+ 61732_1 v ey N-1+t GleZ_l
EG(2) c21 + 62,22’71 c22 + 62,32’71 v e N-1T 62,1\’2’71
4 =

1

1 — —
enN,1 ten2z eN,2 ten3Zz CN,N—1 T EeNNZ

1 0 0 0
0 1 0 0
G(2)GL(z) = : : P
0 0 10

(N1 N+L (L])N-2,-N+2 L o1
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C. System ldentifiability By now, one might want to ask whether there exists a family

With the establishment of ambiguity resistant precoders, \WEPrecoders such that the undersampled system shown in Fig. 5
now give a set of sufficient conditions for blind identifiability of'S Plindly identifiable. The answer to this question is positive.
the system in Fig. 5. When the order of a channH(z) is known (the order of the ac-

Theorem 6: The system depicted in Fig. 5 is blindly identi-t”al channel could be lower), we are ab_le to determine the order
fiable when we have the folowing. @ of a precoder based on Condition 3 in Theorem 6. Then, the

1) G(2) is ambiguity resistant ambiguity resistant pre_coder family proposed in S(_acti(_)n IIITB

2) H(z) is ireducible. ' by replacingy = @ provides the precoders for the blind identi-

3) G(z) has orde > [(N(R, + On)/K) — Qn — Ro], fiability of the system in Fig. 5. This approach is actually used

whereR, = [(NOn/M — N)], andQy, is the order of in Section V for numerical examples.
H(z).
Proof: If the ambiguous precoder outpufz) is deter- IV. ALGEBRAIC ALGORITHM DEVELOPMENT

mined, Condition 1 assures th&t>) can be identified within ) ) . o
a scalar factor. Having discussed the identifiability of the undersampled mul-

We will now prove that with Conditions 2 and () is tirepeiver systems, we de_rive i_n th_is se_c_tion_ an glgebrgic_: al-
blindly identifiable from the system outputs. To show this, it ig°rithm that can accomplish blind identification with a finite
important to realize that Theorem 1 is true only if the inputs gUmber of observations. Our objective herein is to demonstrate
the channels[n] have sufficient linear complexity. To be morethe feasibility of closed-form solutions of the problem under in-
specific, let us define the following convolutional matrices witlf€stigation. For this purpose, we only consider noise-free data

R row blocks forH(z) andG(z), respectively Without claiming anything_concerning th_e optimality of the al-
gorithm, although simulation results indicate that the proposed

G[Q --- G[o] --- 0 approach performs well even in the presence of noise.
Gr = : : Since the ambiguous precoder outguf»]} can be identi-
6 . G[Q] - G.[O] fied L!sing one of the existing_m_ultichannel blind identification
:H[Q | . H[] - 0 algorithms, e.g., [5], [8], we limit ourselves to the problem of
h removing the matrix ambiguity frorfii[rn]}.
Hr = : . : (10) Given a finite collection of the ambiguous precoder outputs
0 - H[Q) --- H0] {a[n]}22}, itis not difficult to establish the following relations

. . . from (5):
WhenG(z) andH(z) are irreducible, botl§ r andH z will

eventually become full column rank @sincreases. [0]
The time domain representation of the undersampled system

is given as follows: diag’l’ -~ T) 5
T T T a[R—1]
y'[n] - y [n+R-1]] u[0] s[-Q]
=Hgu'n-0Qn - uwn+R-1]" - : =Gr : ) (14)
= HrOreo s In—Qn—Q -~ s'n+R-1]". R~ 1] SR — 1]
(11)
In order to determingu[n]} within a matrix ambiguity, it i
is necessary fotz to have full column rank while its corre-  Upon denoting; as theith column of T, t = [t] --- t3]%,
sponding input matrix andU as the Kronecker product ¢&[0] --- a[R — 1]]* and
Ins N, we may rearrange (14) with respect to its unknowns,
ufp —Qu]  ufn—Qu+1] - namely,s andt, and obtain
un+ R—1] un + R] [—Gr fj] {ﬂ =0. (15)

has full row rank. Assuming(n] is i.i.d., this requires that

Gr+q, has full row rank. Therefore, there must exist B0 i o \ve haveVR equations with(R + Q)K + N2 un-
such thatt{ has more rows than columnfs, wheresg, o, ._knowns, the above equation set becormesrdetermineds 1
has more columns than rows. More specifically, the f°||0W'n91creases provided thaf > K. The system can be identified
two inequalities must hold simultaneously: using simple least squares fitting whéi{ =) is ambiguity resis-
RM >(Qn + R)N (12) ta”tl- hough (15) solves botk and )
Although (15) solves botk andt, in many casesT is the
> = -
KR+Q+Qu) 2N(R+ Q) (13) " matrix of interest. To estimat® only, notice thak can be ex-
It can be easily verified that the above is true under Conditigiiessed as
3, which when combined with Condition 2, allowsz) to be )
blindly identified. O s=GLUt
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TABLE |
CHANNEL COEFFICIENTS
0 1 2 3 4 5
ho[n) | .031-.033i | .030 + .111i | .100 + .058i | .149 + .143i | -.032 + .042i | -.063 - .019i
hi[n] | .041-.019i | .332-.106i |-.017 + .037i | -.085 + .055i | -.0048 - .0795i | .0081 - .3044i
ha[n] | .003 + .045i | -.248 + .240i | -.156 - .091i | -.105-.130i | .014 + .025i 039 - .085i
'ha[n) | -.033-.030i | -.144-.122i | .209 -.098i | .099 - .012i |.0222 + .0143i | -.0563 + .1281i
hyln) | .025-.038i | .404-.224i | .259 + .033i | .203 + .029i | -.006 + .005i | -.064 - .081i
hsin] | 009 - .044i | -.005-.247i | .004 - .075i | .040 + .001i | .009 + .073i 113 - .0731
hen] | -.044 + .008i | -.469 - .224i | .001 + .070i | -.098 + .074i | .040 - .009i 118 + .136i
hiln] | .038 4+ .025i | .115 + .194i | .068 - .146i | .136-.1581 | .003 - .038i -.027 - .024i
wheret denotes the pseudo-inverse. Substituting the above it z ; g 2 v g
(15),t can be determined as the least significant singular vect : ' : O L SR R
of . % t"': . *e
0 of A efr
~ : i
I-GrGH)U. 16 oY
. . . . L :
By precalculatindT — QRQL), the computations in the estima- _, ; : » : L
i i ifi -1 -0.5 0 0.5 1 -2 -1 [« 1 2
tion of t or T can be significantly reduced. _ (2) Antenna 1 Ouiput (b) Antenna 5 Oulput
The above identification procedure can be summarized as f
lows. 1 ; : v 1 —=
. - : N
1) Determine the precoder output vectors within sinx — ggf .0 .0, o5k ol T
N matrix using any existing MIMO blind identification L+ ++¢: + o+ e # +,
. : 4 iy N
method (e.g., the subspace approach in [8] and [12]).  ¢j ,,:t; " f;:»,‘ o Oﬁﬁ%ﬁ """" e %?i
2) Form a linear equation set using the ambiguous precoc o5l A o5 M i
output vectorgu[n]} =} as in (15). ' 1 o ' Tag
3) Determine elements of the ambiguity matrix from the th _; : : -1 T -
-1 -0.5 [ 0.5 1 -1 -0.5 0 0.5 1

least significant singular vector of (16).

4) Recover the message signals@s = G (z)T~1u(z),
where G (z) is the left pseudo inverse d&&(z) as ap-
peared before.

(c) Recovered Precoder Output (d) Recovered Signal

Fig. 6. Signal constellations before and after blind recovery.

used to determine the ambiguous precoder ouiija}. Only
30 estimated vectons[n] were applied to the proposed method

. o . to determine the matrix ambiguitf'. The inputs were then
Some numerical results are presented in this section to Valz;yered as

idate the identifiability and the efficacy of the proposed algo-
rithms. All examples involved an eight-antenna system with the
undersampling rate 3. The following ambiguity resistant pre-
coder described in Section IlI-B was used:

V. NUMERICAL EXAMPLES

8(2) = GL(2)(T a(2)).

Fig. 6 compares the signal constellations of the antenna out-
puts, the recovered precoder outputs, and the recovered signals.
Even at 20 dB SNR, the antenna outputs are heavily distorted,
due to the unknown channel effects and, more importantly, un-
dersampling. As shown in Fig. 6(c), existing approaches can
only restore the transmitted signals, i.e., the precoder outputs,
X ) ) .~ within an matrix ambiguity. However, with precoding and the
tr;]e cha_nneHélz )is 2r1:orth§ e'grf]t :;:ntert])nas with the Coeﬁ'céent%ﬂgorithm presented in this paper, the symbol sequence can be
shown in .T? el The order o t € above precofiE) is 2, blindly recovered without significant increase in bandwidth.
which satisfies the sufficient condition 3 in Theorem 6. By the Fig. 7 shows how the mean-square error (MSE) of the symbol

resultin Section I11-B, this precoder is also ambiguity reSiStanéstimates varies with the SNR. The results are obtained by av-
In addition, it is not hard to check that the channel maHik) eraging over 500 independent trials
i .

is irreducible. Therefore, all sufficient conditions in Theore
6 are satisfied, and thus, this undersampled system is blindly
identifiable by Theorem 6.

The simulation results are the following. Table | summa- Blind channel identification has been traditionally premised
rizes the channel coefficients used in the simulations. Tlé the output diversities of a communication system. When the
closed-form input estimation approach described in [8] waystem output is undersampled, only partial information of the

The system simulated is th{{2, 3); (3, 8)], where the order of

VI. CONCLUDING REMARKS



LIU AND XIA: PRECODING TECHNIQUES FOR UNDERSAMPLED MULTIRECEIVER COMMUNICATION SYSTEMS 1861

Mean-square error

20 22 24 26 28 30 32 34 36 38 40

Let Q. (#) be theyth polyphase component matrix @ =),
v=0,1,...,T", where[Q(z)]r is given by the following block
pseudo-circulant matrix:

71Qu(z) 717
271 Qa(2)

T Qol(z)  27'Qr_i(2)
Qi () Qo(z)

Qr_z(#) z1Qr-1()

Qr-2(2) -
Qr-2(2) - Qo(?) A1)

LQr-1(2)

With the above observation, we will prove Lemma 1
by showing the following. 1) Any{[(K,N);(L,M)]
N > K,MN > LK} system can be transferred into
a {[(K, N); (N, M)

: N > K.MN > NK} system

SNR [dB] using blocking operations. 2) Ani{{ K, N); (N, M)] system
with N > K and MN > NK can be transferred into a

Fig. 7. MSE versus SNR.

[(K,N);(N,M)] system withk < N < M.

Step 1) Referring to Fig. 4, iV # L, we may choose to

x[n Q) y[n]

x[n] Blocking with
———

Unblocking with yin]
block size I’ Q)

unblock size I'

Fig. 8. Blocking an MIMO Ssystem.

input is contained in the observations, and this loss of informa-
tion cannot be restored in general by using multiple receivers. In
this paper, we have shown that by introducing redundancy, al-
beit minimum, at the input through precoding techniques, blind
identification can be accomplished for undersampled systems in
most scenarios. An important concept on precoders ginebj-
guity resistantprecoders, has been introduced and used in the
blind identification. Some necessary and sufficient conditions
for ambiguity resistant precoders have been given, and in the
meantime, a family of such precoders has been presented. An
algebraic algorithm that determines the unknowns of an under-
sampled system with a finite number of data samples is also
presented.

APPENDIX A
PROOF OFLEMMA 1

block L precoder output vectors into &L x 1
vector, leading to an equivalent precoder filter,
[G(2)]r. Its output vector can be viewed as
blocked input vectors taH(z) with block size
N. Therefore, the system is equivalent to a
[(KL,NL);(NL,NM)] system with the pre-
coder[G(z)]r, and an unknown channf(z)]y.

Step 2) Now, consider d(K,N);(N,M)] system with

N > K andMN > NK.We may block the input
vectors with blocking siz€N, leading to a block
version of the precodeiG(2)].n with dimension
2N? x 2KN. Accordingly, the channel matrix
can be block with size2N, leading to a block
version of the channel matrif(z)].x with size
2MN x 2N?. SinceMN > NK, there exist an
integerRk such thaBM N > R > 2K N (the factor
2 here guarantees thét is an integer). Note that
the precoding matrixG(z)]2n can always be split
into two partsHG(2)]ony = G1(2)Ga(z)—where
G1(z) has size2N? x R, and G(z) has size
R x 2K N. Therefore, we may form a new pre-
coderG(z) = Ga(z) and a new channel matrix
H(z) = [H(2)]2n G1(z) with more outputs than in-
puts. The new system is 2K N, R); (R,2M N)]
with 2KN < R < 2MN.

APPENDIX B
PROOF OFTHEOREM 3

_ _ . . We first prove the necessity of Condition 1. Assume there are
The lemma can be easily proved by using basic blocking og-ull-rank constant matrif and an invertibleX x K poly-

erations on an MIMO LTI system.

nomial matrix V(z) such that the first column in the matrix

Referring to Fig. 8, an MIMO system with transfer funcEG(2)V(z)is(1,0,0,...,0)T, i.e.,

tion Q(z) can be alternatively represented as a blocked system
with transfer functiofQ(=)]r matrix, whose elements are the
polyphase components &)(z) similarly defined in (2) (see
also [21]).[Q(=)]r is termed théblocked versiomf the MIMO
system with transfer functio®(z).

1 * = *

0 % =x *
EG(x)V(z)= | . .

0 % =x *
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Then, by doing column elementary operations, the first row &br the above equation to hold, we must have
the above matrix can be reduced to 0, except for the first ele-

ment, i.e., there is a unimodular mati¥ (z) such that E[G[0] G[1] -+ G[Q]]
100 0 X 0
0 % % --- % =[G &1 - GlQ]] - (B.2)
EG(Z)V(Z)VI(Z) =1 - N 0 X
0 * % ... %

Letting the parameters iB andX be the unknownsG(z) is
Define anV x N nonidentical full-rank constant matri; and not ambiguity resistant if the above equation set has nonunique
aK x K nonidentical full-rank constant matrR, as follows: solutions. Equation (B.2) only defindg x K(@Q + 1) linear
equations, whereas there @ + K2 unknowns. Accounting
F,=diag2,1,1,...,)nxn, and for the one degree of freedom due to the scalar ambiguity, a nec-
F, =diag2,1,1,...,Dgxx- essary condition for a unique solution of (B.2) is thak () +

1) > N2+ K?—1.Hence@ > (N?+K?*-1/NK)-1. O
Then, we have
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