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Precoding Techniques for Undersampled
Multireceiver Communication Systems
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Abstract—Although there have been extensive studies on the
blind equalization problem for temporally or/and spatially over-
sampled communication signals, the literature is not equally rich
for undersampled, and possibly multiuser, wireless systems. In this
paper, we investigate the feasibility of blind signal recovery from
undersampled data collected from plurality receivers. We show
that although an undersampled communication system is not com-
pletely identifiable in general, such an obstacle can be overcome
by employing proper precoding with an arbitrary amount of band-
width expansion in the transmitter. The main contribution of this
paper is the formulation of a generic framework for all undersam-
pled systems and the derivation of necessary and sufficient condi-
tions for a class of filters (which we termambiguity resistantpre-
coders) that allow the blind recovery of the transmitted signal. A
family of such precoders is given. We discuss various related issues
and show, for example, that block precoders, i.e., memoryless pre-
coders, are not ambiguity resistant. In addition, we derive an algo-
rithm that can accomplish blind equalization with a finite number
of observations.

Index Terms—Antenna array, blind estimation, precoding.

I. INTRODUCTION AND PROBLEM FORMULATION

B ECAUSE of its practical significance, blind identification
of an FIR linear time invariant (LTI) channel has received

considerable attention in the past decade in communications and
signal processing [1], [2]. There are two basic issues in blind
identification—one on blind identifiability and the other on the
identification methodology when a system is blindly identifi-
able. In this paper, we mainly focus on the first issue, i.e., the
blind identifiability.

An LTI channel can be described as

(1)

where

information bearing symbol sequence with baud rate
;

LTI channel;
received signal.

In blind identification, the goal is to determine from the re-
ceived signal without knowledge of the channel . It is
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Fig. 1. Undersampled antenna array system.

known that when is sampled at the baud rate , such a
task is not possible without the use of higher order statistics un-
less the channel is specially structured (e.g., a minimum-phase
channel). The situation is completely different when the channel
outputs possess certain diversities. Tonget al.show that almost
all FIR channels can be blindly determined if the channel output
is oversampled by means of fractionally sampling or/and mul-
tiple receivers [3], [4].

The basic principle of diversity techniques in blind identifica-
tion is the following. Let , , and be three poly-
nomials of . When more than one output
and are available, all zeros of (and

itself) can be determined from the zeroes of and
if and only if and are coprime, i.e., they do

not have any common zeros. For a fractionally sampled system
with oversampling rate 2, i.e., , , and cor-
respond to the two polyphase components of the channel.
For a multireceiver system with tworeceivers, and
correspond to the two channel transfer functions of the two an-
tennas. The two types of diversities can be combined, and there
is an abundance of references in the literature on these prob-
lems; see, for example, [5]–[11].

To date, almost all research on blind identification deals with
channel outputs that are sampled at least at the baud rate. In cer-
tain applications, a communication system may beundersam-
pled with rate for reasons ranging from fixed
hardware to variable data rates of source signals. Clearly, per-
fect signal recovery is impossible in these scenarios. However,
when a collection of low rate observations is available, it may
be feasible to restore the source signals by combining partial in-
formation from different receivers. In this paper, we study the
application of multiple receivers in blind source recovery for
undersampled communication systems. To put this into perspec-
tive, consider an -receiver undersampled system depicted in
Fig. 1, where is an integer. The question herein is whether or
not we can identify from the received signals .
At a first glance, one may be tempted to reply “yes” because the
system appears to have sufficient redundancy when .
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Fig. 2. Precoding for undersampled an antenna array system.

The correct answer, nevertheless, is no when . This is
because the system in Fig. 1, as will be shown in the ensuing
sections, is equivalent to a multiple input and multiple output
(MIMO) system. Based on the previous known results [8], [12],
[13], one can at most identify an MIMO system to a matrix am-
biguity. The question, then, becomes the following: Is there any
affordable way to restore the blind identifiability? To answer this
question, let us briefly recall a precoding scheme recently intro-
duced in [14] and [15] for intersymbol interference (ISI) can-
cellation using nonmaximally decimated multirate filterbanks.

The precoding scheme proposed in [14] and [15] can be
shown in the left-most block in Fig. 2, where means
downsampling by a factor of , i.e., taking only one sample
in each samples, and stands for upsampling by a factor

, i.e., inserting zeroes between each two adjacent
samples. It has been shown in [14] that almost all FIR LTI
channels can be ideally equalized using FIR precoding
filters with an expansion in bandwidth: , i.e., .
The same concept has been applied by Giannakis to blind
channel identification in [16]. Precoding can also to used to
shape the spectra and introduce spectral asymmetry between
multiple sources. A method based on correlative precoding or
partial-response signals has been proposed by Xavieret al.
for blind multiuser channel identification in spatial division
multiple access (SDMA) applications [18]. Other ISI related
precoding techniques, e.g., Tomlinson-Harashima (TH) coding
[19], [20] improve the performance of a communication link
but require explicit knowledge of the channel characterisitcs.

Motivated by the above observations, we propose to use pre-
coding techniques to solve the blind identification problem for
the undersampled system in Fig. 1. The overall structure is math-
ematically described by Fig. 2 without loss of generality. The
rationale here is that although it is not possible to completely
identify in Fig. 1, one should be able to restore the iden-
tifiability by slightly adding somemanageableredundancies in
the transmitter. By comparing the new system in Fig. 2 with the
previous system in Fig. 1, it is seen that the samples at each re-
ceiver are reduced by times, whereas the samples at the trans-
mitter are increased by times. Therefore, the overall sam-
ples are reduced by times. In particular,
when , the overall samples in the new system in Fig. 2
are reduced by times. When is chosen to be as large as

with for receivers, this reduction of sam-
ples might have significant impact on the computational load at
each receiver. In addition, the undersampling reduces the sam-

pling rate at the receiver, which may reduce the hardware cost
significantly in high-speed digital communication systems.

The primary issue we address in this paper is the precoder
conditions under which the input signal can be blindly
determined from the received signals without
knowledge of the channel characteristics . More
specifically, we study a class ofambiguity resistantprecoders
that is capable of removing the ambiguity introduced by
undersampling. In the remainder of this paper, we will denote
the system in Fig. 2 as . This identifiability
question will be investigated under a unified framework devel-
oped in Section II, where we show that all
systems can be cast into a system with

, provided that and . In
Section III, we derive necessary and sufficient conditions on
ambiguity resistant precoders in blind identification. A family
of such precoders is also given. Surprisingly, we show that all
block precoders, i.e., memoryless precoders, are not ambiguity
resistant unless . Although the emphasis of this study
is not on algorithm development, we nevertheless present a
data-efficient algorithm that can accomplish blind source re-
covery for a system with simple least-squares
fitting. The algorithm is evaluated by numerical simulations in
Section V, and the paper is concluded in Section VI.

II. SYSTEM UNIFICATION

In this section, some fundamentals of filterbank operations
are first reviewed. We then formulate the system of interest
using an MIMO model, based on a generic framework we in-
troduce that will be used throughout this paper. Although our
problem is introduced in the context of undersampled multire-
ceiver systems, it will become clear in the ensuring sections that
the results presented have much broad applications.

As a general notational convention, matrices (in capital let-
ters) and vectors (in low cases) will be in boldface. The symbols

, , and stand for Hermitian, transpose, and convolu-
tion, respectively; denotes
a matrix polynomial. The symbol stands for the identity
(zero) matrix or vector with a proper dimension. If ,
then is called theorder of the polynomial matrix .

A. MIMO Representation

For analytical simplicity, it is more convenient to represent
the system in Fig. 2 as an MIMO system with matrix transfer
functions.

Since the (un)blocking process and the polyphase represen-
tation will play an important role in the rest of this paper, let us
define some notations and review some basic results; see [21]
and [22] for related topics.

The output shown in Fig. 3(a) of the blocked
with block size is the vector-valued signal

. Con-
versely, the output shown in Fig. 3(b) of the unblocked
vector-valued signal
with unblock size is when
for . In particular, when

, then .
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Fig. 3. Blocking and unblocking.

The same blocking and unblocking processes can be similarly
defined for vector or matrix sequences.

For a filter , its th polyphase compo-
nentof size is defined as

(2)

For the channels responses in Fig. 2 , their
polyphase matrixwith size is denoted by

(3)

where is the th polyphase component of size
of . Similarly, for the precoders , their
polyphase matrix is given by

(4)

where is the th polyphase component of size of
.

With the above notations, the system in Fig. 2 can be con-
verted to an equivalent MIMO system shown in Fig. 4 [14], [21].

B. Generic Framework

Throughout our discussion, the follow assumptions are in-
voked for the system under consideration.

A.1) The precoding filter has dimension , where
;

A.2) , i.e., .

A.1 is clearly required in the precoding; otherwise, there will
be no increase in redundancy that renders blind identification
impossible. The same is true for A.2. quantifies the
overall system redundancy. If , the whole system
becomes an MIMO system with no more outputs than inputs,
which is not possible to be identified blindly.

Under A.1 and A.2, there are still many possible combina-
tions of the four parameters ( , and ), which make a
unified analysis difficult. The following lemma simplifies our
data model by casting any system that satisfies A.1 and A.2 into
a generic framework.

Lemma 1: Any system with and
can be cast into a generic system

with .

Fig. 4. Equivalent precoded undersampled antenna array system.

Fig. 5. Generic undersampled multireceiver system with precoding filters.

Proof: See Appendix A.
Lemma 1 enables us to limit our analysis to the

system depicted in
Fig. 5 without loss of generality.

III. I DENTIFIABILITY ANALYSIS

The output of the generic system in Fig. 5 can be expressed
as

where characterizes theunknownchannel, whereas
represents theknownprecoder.The problem herein is to de-
termine the input and in many cases the channel
from the output using only knowledge of the precoder filter

.
This section addresses the conditions for and

under which can be blindly identified from .
To facilitate the forthcoming discussion, let us first lay some
groundwork by reviewing an important result regarding FIR
MIMO systems.

Theorem 1 [12], [23], [24]: For an -input -output
FIR system with transfer function , the

following statements are equivalent:

1) is irreducible, i.e., rank and
rank [25].

2) and the input vector can be identified up to
an invertible constant ambiguity matrix from the
outputs using second-order statistics.

Most practical channels are irreducible. Extreme cases (e.g.,
instantaneous channels in narrowband antenna array systems)
can be coped with receiver-end processing that removes the co-
herence of the output signals. If the precoder is also designed
to be irreducible, thecompositetransfer function

is clearly irreducible. Theorem 1 asserts that the
system input canonlybe determined within a ma-
trix ambiguity directly from if the precoder and the
channel are combined as a single MIMO system. Based
on this observation, it seems impossible to fully recover the
input since any combination of and

can qualify

While the above equality holds indeed for many possible in-
puts, the conclusion regarding the identifiability is invalid. This
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is because that the above approach clearly does not take any ad-
vantage of the precoding part. Instead of finding an and

that satisfy , the problem of interest
here is to find and such that

subject to

where is a known precoder. This motivates the following
blind identifiability concept.

Definition: The system in Fig. 5 is blindly identifiable if
and , where and are two

scalars, are the only solution for the following system given the
output and the precoder :

In the following, we show that by incorporating knowledge
of the precoder, it is possible to determine the input within
a scalar factor. We tackle the blind identification problem in two
steps. i) Determine what we term theambiguous inputs

(5)

where is an full-rank constant matrix, blindly from
the system output . This can be accomplished using many
existing approaches when is irreducible, provided that the
inputs have sufficient linear complexity. ii) Once is identi-
fied, the blind identification problem reduces to whether or not

can be determined from in the presence of a full-rank
ambiguity matrix (or ). We then show that there exists a
class ofambiguity resistantprecoders that can resolve the ma-
trix ambiguity without additional information. Since Step i) is
well studied [8], [12], [13], our focus in the remainder of this
paper will be devoted to the precoder part.

A. Ambiguity Resistant (AR) Precoders

We first define the concept of ambiguity resistance.
Definition: An FIR irreducible precoding

filter is ambiguity resistantif its input can be
uniquely determined up to a scalar from its ambiguous output

, where is an unknown invertible
constant matrix.

The above definition asserts that given and a known am-
biguity resistant precoder , the unknown pair can
be uniquely determined up to a scalar ambiguity based on the
following relationship:

(6)

Although the above definition is intuitive, it is hard to handle in
practice. We next want to simplify the ambiguity resistance and
propose another condition that is simpler to study. Note that if
there exists an full-rank, nonidentical, constant matrix

and a nonidentical matrix such that

(7)

it is straightforward to show that also satisfied
(6).

Defining , it is clear that is thepoly-
nomial ambiguityof the input that cannot be determined.

The above is summarized in the following theorem.

Theorem 2: An FIR irreducible precoding filter
is ambiguity resistant if there does not exist an full-rank
constant matrix for any constant and a matrix

for any constant such that the above identity (7)
holds.

Proof: Arrange segments of the input signals, where
each segement is a polynomial vector into a
input matrix . Since the input signal
is random, this matrix almost surely has full rank. Let

be another set of solution that satisfies

To prove this theorem, we only need to show that under the con-
dition in the theorem, we can conclude that for
a nonzero constant. Since is invertible, the above equation
implies

By the condition in the theorem, we have ,
which proves the theorem.

The uniqueness of the solution in (6) tells us that

implies that . In other words, the solution of
has to be in (7), whereas constant matrix does not have to
be an identical matrix. A more detailed analysis of these condi-
tions has been discussed in our follow-up work [17]. For sim-
plicity, in what follows, we only consider the sufficient condi-
tion in Theorem 2 for ambiguity resistant precoders, i.e.,
is called ambiguity resistant if (7) in terms of variables inand

has only the trivial solution and for
a constant . Note that since is irreducible, det in
(7) is a nonzero constant, i.e., is unimodular.

To examine this ambiguity resistancy of a given precoder,
one would need to determine if (7) has a unique solution, i.e.,
whether (which guarantees ) is the only
solution. To make the precedure numerically tractable, note that
it follows from (7) that , where
denotes the left pseudo-inverse of . Hence

(8)

By representing the above equation in the time domain, one may
check the ambiguity resistancy of by solving a linear equa-
tion set. If for some constant as the only nonzero
solution, then is ambiguity resistant. Otherwise, it is nec-
essary to check whether for some constant or

since it is possible to have
with .

When , for some nonzero constant is
always true. By Theorem 2, the following corollary is straight-
forward.

Corollary 1: An FIR invertible precoding filter
is always ambiguity resistant for .

This corollary is not surprising since when , the
system reduces to a conventional oversam-

pled system that is clearly identifiable. With this result, we only
need to consider the case of .
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Next, we want to present some necessary conditions on the
ambiguity resistance.

Theorem 3: If an , , FIR irreducible precoder
is ambiguity resistant, then we have the following.

1) There exist no full-rank constant matrixand invertible
polynomial matrix such that the first column

in the matrix is .
2) .
3) The order of must satisfy the following lower

bound:

Proof: See Appendix B.
Condition 2 is not surprising since when , no re-

dundancies are introduced, and therefore, the precoder does not
have any ambiguity resistant capability. As a side note on Con-
dition 3, it can be easily verified that when
marginally satisfies the above condition. Therefore, a first-order
precoder could be sufficient for an system.
We will see an example of such cases later. These necessary
conditions are helpful in the construction of ambiguity resistant
precoders later. From the above necessary Condition 1,
we immediately have the following corollary.

Corollary 2: Block precoders (constant matrix) with
are not ambiguity resistant.

Proof: When itself is a constant matrix, there
always exists an full-rank and nonidentical constant
matrix such that the first column of the matrix is

.
Although these three necessary conditions in the above the-

orem are rich enough in constructing examples (see later) of am-
biguity resistant matrices, they are still not sufficient. A coun-
terexample is the following polynomial matrix:

where is a fixed integer. It is not hard to see that this
satisfies the above all three necessary conditions when

is large enough. It is, however, not ambiguity resistant, which
can be seen from the following lemma as a general result.

Lemma 2: Let be polynomial matrices for
. Then, the block diagonal polynomial ma-

trix diag is not ambiguity resistant.
Proof: Clearly, for

. Let diag and
diag . Then

diag

diag

As long as are not all equal, and
for any constants and . This proves the

lemma.
With the establishment of the above necessary conditions, we

now present a theorem concerning the necessary and sufficient

conditions for an ambiguity resistant precoder. Although the
physical interpretation of our results is unclear at this stage, the
theorem is nevertheless interesting from a theoretical viewpoint.
The proof of the theorem builds on the following two useful
lemmas.

Lemma 3 [21]: When is irreducible,
its Smith–McMillan form is given by

where and are referred to as the left and
right unimodular matrices, respectively, in the Smith–McMillan
decomposition of .

The left unimodular matrix can be further decomposed
into

Clearly, , which is associated with the identity part of
the middle Smith form, essentially defines the column span of

. The Smith–McMillan decomposition of a tall invertible
matrix can be simplied as , where
is left invertible.

Lemma 4: Let
be two Smith–McMillan decompositions of the

precoding filter. if and only if
, where is a nonzero scalar.

The proof is simple and is thus omitted.
Theorem 4: A precoding filter is ambiguity resistant

if and only if there exists no constant matrix such
that both and are left
unimodular matrices in the Smith–McMillan decompositions of

.
Proof:

Necessary Part:
If , post multiplying

to all sides yields

Let . Since ,
Lemma 4 asserts that . It immediately follows that

The above equation implies the unimodularity of . There-
fore, is not ambiguity resistant based on Theorem 2.
Sufficient Part:

Let . If there ex-
ists an and

then

Clearly, both and are valid left unimod-
ular matrices of the Smith–McMillan decomposition.
Since , Lemma 4 asserts that

.
It would be very interesting to investigate simpler necessary

and sufficient conditions on ambiguity resistant precoders.
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B. Family of AR Precoders

Motivated from the necessary conditions in Theorem 3, we
now want to construct a family of ambiguity resistant precoders

. We have the following result.
Theorem 5: For any positive integer , the following

matrix with size is ambiguity resistant:

...
...

...
...

...
(9)

for an integer .
Proof: To prove this theorem, it is sufficient to prove it

for the case of ; otherwise, we may replace by a new
variable .

First of all, the above is irreducible. Define the first
equation at the bottom of the page. It is easy to check that

Let be an constant matrix such that
. We want to prove that for some

constant .
By the above equations, we have . It

is clear that we then have the second equation at the bottom of
the page. Since we then have the third equation at the bottom of
the page, we only need to compare the elements at the last row

of and the elements at the last row of . It can
be verified that , which is the th element of the last
row of the matrix , is given by

From , we have

This implies the following equations:

and

for

and

for

It is not hard to see that these equations imply that
for and for all . In other words, we have
proved that for some constant . By Theorem 2,
is ambiguity resistant.

Notice that in the above, the ambiguity-resistant precoder
family has parameters , which is the most interesting
and important case of the precoders because the minimum band-
width expansion in the precoding is usually desired.

...
...

...
...

...
...

...
...

...

...
...

...
...
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C. System Identifiability

With the establishment of ambiguity resistant precoders, we
now give a set of sufficient conditions for blind identifiability of
the system in Fig. 5.

Theorem 6: The system depicted in Fig. 5 is blindly identi-
fiable when we have the folowing.

1) is ambiguity resistant.
2) is irreducible.
3) has order ,

where , and is the order of
.

Proof: If the ambiguous precoder output is deter-
mined, Condition 1 assures that can be identified within
a scalar factor.

We will now prove that with Conditions 2 and 3, is
blindly identifiable from the system outputs. To show this, it is
important to realize that Theorem 1 is true only if the inputs to
the channels have sufficient linear complexity. To be more
specific, let us define the following convolutional matrices with

row blocks for and , respectively

...
...

.. .
. . .

...

...
. . .

. . .
. . .

... (10)

When and are irreducible, both and will
eventually become full column rank asincreases.

The time domain representation of the undersampled system
is given as follows:

(11)

In order to determine within a matrix ambiguity, it
is necessary for to have full column rank while its corre-
sponding input matrix

...
...

has full row rank. Assuming is i.i.d., this requires that
has full row rank. Therefore, there must exist an

such that has more rows than columns, whereas
has more columns than rows. More specifically, the following
two inequalities must hold simultaneously:

(12)

(13)

It can be easily verified that the above is true under Condition
3, which when combined with Condition 2, allows to be
blindly identified.

By now, one might want to ask whether there exists a family
of precoders such that the undersampled system shown in Fig. 5
is blindly identifiable. The answer to this question is positive.
When the order of a channel is known (the order of the ac-
tual channel could be lower), we are able to determine the order

of a precoder based on Condition 3 in Theorem 6. Then, the
ambiguity resistant precoder family proposed in Section III-B
by replacing provides the precoders for the blind identi-
fiability of the system in Fig. 5. This approach is actually used
in Section V for numerical examples.

IV. A LGEBRAIC ALGORITHM DEVELOPMENT

Having discussed the identifiability of the undersampled mul-
tireceiver systems, we derive in this section an algebraic al-
gorithm that can accomplish blind identification with a finite
number of observations. Our objective herein is to demonstrate
the feasibility of closed-form solutions of the problem under in-
vestigation. For this purpose, we only consider noise-free data
without claiming anything concerning the optimality of the al-
gorithm, although simulation results indicate that the proposed
approach performs well even in the presence of noise.

Since the ambiguous precoder output can be identi-
fied using one of the existing multichannel blind identification
algorithms, e.g., [5], [8], we limit ourselves to the problem of
removing the matrix ambiguity from .

Given a finite collection of the ambiguous precoder outputs
, it is not difficult to establish the following relations

from (5):

diag ...

...
... (14)

Upon denoting as the th column of ,
and as the Kronecker product of and

, we may rearrange (14) with respect to its unknowns,
namely, and , and obtain

(15)

Since we have equations with un-
knowns, the above equation set becomesoverdeterminedas
increases, provided that . The system can be identified
using simple least squares fitting when is ambiguity resis-
tant.

Although (15) solves both and , in many cases, is the
matrix of interest. To estimate only, notice that can be ex-
pressed as
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TABLE I
CHANNEL COEFFICIENTS

where denotes the pseudo-inverse. Substituting the above into
(15), can be determined as the least significant singular vector
of

(16)

By precalculating , the computations in the estima-
tion of or can be significantly reduced.

The above identification procedure can be summarized as fol-
lows.

1) Determine the precoder output vectors within an
matrix using any existing MIMO blind identification

method (e.g., the subspace approach in [8] and [12]).
2) Form a linear equation set using the ambiguous precoder

output vectors as in (15).
3) Determine elements of the ambiguity matrix from the the

least significant singular vector of (16).
4) Recover the message signals as ,

where is the left pseudo inverse of as ap-
peared before.

V. NUMERICAL EXAMPLES

Some numerical results are presented in this section to val-
idate the identifiability and the efficacy of the proposed algo-
rithms. All examples involved an eight-antenna system with the
undersampling rate 3. The following ambiguity resistant pre-
coder described in Section III-B was used:

The system simulated is thus , where the order of
the channel is 2 for the eight antennas with the coefficients
shown in Table I. The order of the above precoder is 2,
which satisfies the sufficient condition 3 in Theorem 6. By the
result in Section III-B, this precoder is also ambiguity resistant.
In addition, it is not hard to check that the channel matrix
is irreducible. Therefore, all sufficient conditions in Theorem
6 are satisfied, and thus, this undersampled system is blindly
identifiable by Theorem 6.

The simulation results are the following. Table I summa-
rizes the channel coefficients used in the simulations. The
closed-form input estimation approach described in [8] was

Fig. 6. Signal constellations before and after blind recovery.

used to determine the ambiguous precoder output. Only
30 estimated vectors were applied to the proposed method
to determine the matrix ambiguity . The inputs were then
recovered as

Fig. 6 compares the signal constellations of the antenna out-
puts, the recovered precoder outputs, and the recovered signals.
Even at 20 dB SNR, the antenna outputs are heavily distorted,
due to the unknown channel effects and, more importantly, un-
dersampling. As shown in Fig. 6(c), existing approaches can
only restore the transmitted signals, i.e., the precoder outputs,
within an matrix ambiguity. However, with precoding and the
algorithm presented in this paper, the symbol sequence can be
blindly recovered without significant increase in bandwidth.

Fig. 7 shows how the mean-square error (MSE) of the symbol
estimates varies with the SNR. The results are obtained by av-
eraging over 500 independent trials.

VI. CONCLUDING REMARKS

Blind channel identification has been traditionally premised
on the output diversities of a communication system. When the
system output is undersampled, only partial information of the
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Fig. 7. MSE versus SNR.

Fig. 8. Blocking an MIMO Ssystem.

input is contained in the observations, and this loss of informa-
tion cannot be restored in general by using multiple receivers. In
this paper, we have shown that by introducing redundancy, al-
beit minimum, at the input through precoding techniques, blind
identification can be accomplished for undersampled systems in
most scenarios. An important concept on precoders, i.e.,ambi-
guity resistantprecoders, has been introduced and used in the
blind identification. Some necessary and sufficient conditions
for ambiguity resistant precoders have been given, and in the
meantime, a family of such precoders has been presented. An
algebraic algorithm that determines the unknowns of an under-
sampled system with a finite number of data samples is also
presented.

APPENDIX A
PROOF OFLEMMA 1

The lemma can be easily proved by using basic blocking op-
erations on an MIMO LTI system.

Referring to Fig. 8, an MIMO system with transfer func-
tion can be alternatively represented as a blocked system
with transfer function matrix, whose elements are the
polyphase components of similarly defined in (2) (see
also [21]). is termed theblocked versionof the MIMO
system with transfer function .

Let be the th polyphase component matrix of
, where is given by the following block

pseudo-circulant matrix:

(A.1)
With the above observation, we will prove Lemma 1

by showing the following. 1) Any
system can be transferred into

a system
using blocking operations. 2) Any system
with and can be transferred into a

system with .

Step 1) Referring to Fig. 4, if , we may choose to
block precoder output vectors into a
vector, leading to an equivalent precoder filter,

. Its output vector can be viewed as
blocked input vectors to with block size

. Therefore, the system is equivalent to a
system with the pre-

coder and an unknown channel .
Step 2) Now, consider a system with

and . We may block the input
vectors with blocking size , leading to a block
version of the precoder with dimension

. Accordingly, the channel matrix
can be block with size , leading to a block
version of the channel matrix with size

. Since , there exist an
integer such that (the factor
2 here guarantees that is an integer). Note that
the precoding matrix can always be split
into two parts— —where

has size , and has size
. Therefore, we may form a new pre-

coder and a new channel matrix
with more outputs than in-

puts. The new system is of
with .

APPENDIX B
PROOF OFTHEOREM 3

We first prove the necessity of Condition 1. Assume there are
a full-rank constant matrix and an invertible poly-
nomial matrix such that the first column in the matrix

is , i.e.,

...
...

...
...
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Then, by doing column elementary operations, the first row of
the above matrix can be reduced to 0, except for the first ele-
ment, i.e., there is a unimodular matrix such that

...
...

...
...

Define an nonidentical full-rank constant matrix and
a nonidentical full-rank constant matrix as follows:

diag and

diag

Then, we have

...
...

...
...

...
...

...
...

Define

and

Clearly, and for any constants and
because and for any constants and when

. However, we have , which con-
tradicts with the ambiguity resistancy of . This proves the
necessity of Condition 1.

Condition 2 can be proved by the following argument. When
, decompose into using

the Smith–McMillan decomposition. Since is unimodular,
its Smith–McMillan decomposition has an identity matrix as the
middle factor [21]. It can be easily verified that for any full-rank
matrix

is another valid Smith–McMillan decomposition. Clearly,
(the precoder) is thus not ambiguity resistant,

according to Theorem 4, which is presented below. A similar
argument applies to .

We now prove Condition 3. Let ,
and consider a special case when the in (7) is a constant:

. Then, (7) can be rewritten as

or

For the above equation to hold, we must have

... (B.2)

Letting the parameters in and be the unknowns, is
not ambiguity resistant if the above equation set has nonunique
solutions. Equation (B.2) only defines linear
equations, whereas there are unknowns. Accounting
for the one degree of freedom due to the scalar ambiguity, a nec-
essary condition for a unique solution of (B.2) is that

. Hence, .
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